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Degradation Pathway Estimation of Pesticide Molecule by Molecular Modeling 

Şimal KÜRÜMOĞLU1, Selim ÖZGÜR1, Yelda YALÇIN GÜRKAN1* 

1Tekirdağ Namık Kemal University, Faculty of Arts and Sciences, Department of Chemistry, 59030, Tekirdağ, Türkiye 

Research Article  ABSTRACT 

Keywords: 
Azinfos Methyl 
Guthion 
Ach 
AchE 
Gaussian09 
DFT 

 Azinphos methyl (O,O-Dimethyl S-[(4-oxo-1,2,3-benzotriazin-3(4H)-yl)methyl] phosphorodithioate) is a 
broad spectrum organophosphate insecticide. Like other pesticides in its class, it owes its insecticidal 
properties to being an acetylcholinesterase inhibitor. Azinphos methyl is often used as organophosphorus 
pesticides such as active Guthion, Gusathion (GUS), Gusathion-M, Crysthyron, Cotnion, Cotnion-methyl, 
Methyltrizotion, Carfene, Bay9027, Bay17147 and R-1852. In the study, the possible reaction pathways 
between the Azinphos methyl molecule and the OH radical were examined theoretically. The optimized 
geometries of the molecule were drawn with the Gauss-View 5 program and the lowest energy states were 
determined using the Gaussian 09 program. By calculating the bond lengths and bond angles of the 
molecules, geometric structure analysis was performed. The main purpose here is to determine the most 
likely produced in the reaction between Azinphos methyl and OH radical in aqueous media and gaseous 
media. The products formed as a result of the reactions of the azinphos methyl molecule with the OH 
radical were determined and their geometric optimizations were carried out by semi-empirical AM1, Ab 
initio Hartree Fock HF/6-31G and Functional Density Theory (DFT) methods. COSMO was used as the 
solving model. Thanks to this method, the area where the reaction takes place between the polarizations on 
the surface of the molecule and the solvent is determined. Thanks to the dielectric property of water, the 
reaction medium is stabilized. 

Received: 07.03.2023 
Accepted: 02.04.2023 
Published: 30.04.2023 

DOI: 10.55848/jbst.2023.24 

1. Introduction  

Azinphos methyl (O,O-Dimethyl S-[(4-oxo-1,2,3-
benzotriazin-3(4H)-yl)methyl] phosphorodithioate) is a broad 
spectrum acaric acid and mollusc acid organophosphate 
insecticide [1].  

Azinphos suggested that methyl was directly related to 
the health problems of farmers. Azinfos methyl was phased 
out over 12 years in the USA, and its use was completely 
banned on September 30, 2013. Azinphos methyl has been 
banned in the European Union in 2006 and in Turkey since 
2013 [2-4].  

Azinphos methyl can enter the body through inhalation, 
ingestion and skin contact. Azinphos methyl is found in food 
residues and drinking water, albeit in small amounts. Once 
absorbed into the body, azinphos methyl may cause neurotoxic 
effects like other organophosphate insecticides. Azinphos 
methyl can act as an acetylcholinesterase inhibitor (AChE) in 
high concentrations, azinphos methyl can be toxic because it 
functions as an acetylcholinesterase inhibitor. But its toxicity 
is mostly due to cytochrome p450. In normal conditions, 
acetylcholine quickly and effectively lowers the 
neurotransmitter acetylcholine transmitting and limits its 
biological effect [2-4]. 

Azinphos methyl is very stable when dissolved in acidic, 
neutral or slightly alkaline water. However, in an environment 
above pH 11, it is rapidly hydrolyzed to anthranilic acid, 
benzamide and other chemicals. Microorganisms in the natural 
aquatic environment and sunlight can be used to show a faster 

degradation of azinphos-methyl. In this way, the half-life can 
be shortened from a few months to a few days. There are 
major routes of biodegradation and evaporation under normal 
conditions. Evaporated Azinphos methyl is exposed to excess 
UV light and undergoes photodecomposition. If not exposed 
to bioactivity and UV light, it reaches a half-life of 1 year [2-
4].  

Azinphos-methyl (AZM) and chlorpyrifos (CPF) are 
broad-spectrum organophosphate pesticides used for pest 
control in many parts of the world and have been shown to 
inhibit cholinesterase activity in the non-target freshwater 
gastropod Planorbarius corneus. This study was carried out to 
determine whether AZM and CPF cause oxidative stress in P. 
corneus and whether pesticides act together more than they do 
alone, causing increased oxidative stress. For this purpose, 
non-enzymatic and enzymatic parameters were measured in 
snail soft tissues acutely exposed to insecticides by single 
chemical and binary mixed studies. In conclusion, the data 
shown in this study prove that AZM, CPF and a mixture of 
both organophosphates cause oxidative stress and oxidative 
damage in P. corneus tissues [5-7]. 

An agricultural community of farm workers was 
investigated for changes induced by exposure to agricultural 
pesticides. A seasonally persistent correlation was found 
between the detected blood concentration of the insecticide 
azinphos-methyl and the taxonomic composition of the cheek 
oral microbiome. In this study, we show in human subjects 
that exposure to organic phosphate pesticides is associated 
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with large-scale significant changes in the intraoral buccal 
microbiota composition, with the extinction of all taxa in some 
individuals. The continuation of this association from 
spring/summer to winter also indicates that long-term effects 
on the common microbiota occur. The significant health 
implications of pesticide-associated microbiological 
disruptions to these agricultural community members are 
currently not understood. Future research should index 
medical and dental records for common and chronic diseases 
that may be affected by this association between pesticide 
exposure and microbial change [8-9]. 

Azinphos-methyl and chlorpyrifos are 
organophosphorus pesticides that pose a serious threat to the 
environment, including their harmful effects on humans, and 
therefore must be removed from the environment. Therefore, 
in this study, an ultrasound technique was applied for the 
removal of the above-mentioned hazardous compounds. For 
this, the effect of influential parameters such as pH, initial 
pesticide concentration, frequency, electric power and 
treatment time on the ultrasound degradation of azinphos-
methyl and chlorpyrifos was well investigated and clarified. 
The obtained results showed that azinphos-methyl and 
chlorpyrifos were degraded effectively and rapidly by 
ultrasound technique. Two multiple regression-based 
equations were derived to describe the degradation process of 
pesticides by ultrasound. The result of this study showed that 
the polynomial equations satisfactorily describe the behaviour 
of the present process for various operating conditions [1-10]. 

The removal of the organophosphorus insecticide 
azinphos-methyl (AZM) from the water was investigated by 
the electro-Fenton method, which produces hydroxyl radicals 
electrocatalytically. The reaction between these radicals and 
AZM led to the oxidation of carbon dioxide and inorganic ions 
of AZM, demonstrating complete dissociation from water. It 
contains aromatic derivatives such as short-chain carboxylic 
acids and inorganic ions as end products. The identification 
and quantification of these intermediates have been thoroughly 
investigated by HPLC, GC-MS and ion chromatography 
analyses. Based on the identified intermediates, a general 
oxidation mechanism was proposed. The mineralization ability 
of the process was also tested using aqueous AZM solutions 
and its commercial formulation Gusathion M WP 25 
(GMWP25) [11]. 

2. Materials and Methods 

Gaussian 09W program was used in our studies. Gauss 
09 program is the latest version of the Gauss series programs. 
The program we have used allows us to use state-of-the-art 
features in electronic structure modelling. The Gaussian 09W 
program is very comprehensive. We can use Ab initio, semi-
experimental and molecular mechanics methods in the 
program. There are many basic sets and theoretical methods 
among the Ab initio, semi-experimental and molecular 
mechanics methods we have used. 

Calculations can be made with the Gaussian 09W 
package program; Ideal geometric optimizations of atoms and 
molecules can be made. The vibrational frequencies that 

depend on the energies of the atoms can be calculated. The 
energies of atoms and molecules can be calculated. Force 
constants and dipole moments of atoms and molecules can be 
calculated. From the results obtained from the calculated IR 
and Raman spectra of atoms and molecules; Information about 
many specific properties of atoms and molecules such as 
electron affinities, ionization energies, NMR, magnetic 
susceptibility, vibrational intensities, atomic charges, 
molecular orbitals, reaction energies and thermochemical 
properties can be obtained. In addition, the stability of the 
molecular wave function can be examined with the help of the 
program. The Gaussian 09W program circulates through 
potential energy levels, showing the transition states and the 
pathways the reaction will take. These calculations can be 
done in crystal, solution and gaseous states of molecules [12-
13]. 

The Gauss view 5.0.8 program is a program that we can 
calculate and transfer the molecules and atoms to the computer 
environment and prepare the input files [14]. Thanks to the 
program, he can visualize the molecules that we will calculate. 
We can ensure that the molecules are ideally positioned [15-
16]. It also allows us to make the necessary rotations and 
positionings to optimize molecules. It presents the results of 
the molecules to us with certain graphical methods [16-17]. 

The results we achieved thanks to the program; Normal 
mode animations based on vibration frequencies, VCD 
spectra, NMR spectra, Raman spectra, Atomic charges, 
Electrostatic potential surfaces, molecular orbitals, and 
optimized molecular structures [18]. 

3. Results and Discussion 

In the calculations, the molecular calculations of 
Azinphos methyl and OH radical, which are in the reactant 
position, were made by Ab initio Hartree-Fock HF/6-31G(d) 
and DFT, semi-empirical AM1 methods and they were 
geometrically optimized. The electronic properties of the 
optimized molecules were determined. 

The conformation states with the lowest energy, that is, 
the most stable, were determined for each reactant. The 
Gaussview5 program was used to draw the organic molecules, 
which are the most stable in conformation. 

 

In the search for a plausible mechanism for the 
photocatalytic decolourization /degradation reaction of Azin1, 
DFT Reactivity indices were employed to have information 
about the most susceptible sites for hydroxyl radical attack. 
Then the highest values were used to calculate the local 
softnesses. The calculated local soft-ness s0 and Fukui 
functions f0 are presented in Table 1, Fig. 1 shows the 
optimized structure of the Azin1 molecule and the numbering 
system that was used throughout the calculations. 

Two main competing reaction pathways shown in Fig. 2 
were determined by selecting the specific sites of the Azin1 
molecule, based on their softness values being close to that of 
the •OH radical. These two possible pathways are named the 

cleavage of the sulfur bond and the cleavage of the C-S bond.    
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Fig. 1 Optimized structure of Azin1 and the numbering system (grey, carbon; red, oxygen; blue, nitrogen; white, hydrogen; yellow, 
sulfur; orange, phosphorus). 

 

Table 1. Chemical Reactivity Descriptors for Azin1 and the •OH radical. Azin1 (S=6.30456). 

Molecules f 0 s0 ∆s0 

C 16 0.00725 0.05589 3.55623 

N 13 0.00685 0.05245 4.36256 

N 14 0.07196 0.58780 4.25348 

N 15 0.06232 0.48124 4.12590 

P 20 0.00645 0.05378 3.99210 

S 19 0,00911 0.07055 3.34228 

S 32 0.00802 0.06464 3.94908 

•OH Radical (S=5.70523) 

 

The bond angles and bond lengths are given (Table 2). In 
energy, enthalpy and gibbs free energy values are given. 

Thefragment with the lowest energy is the most striking 
(Table 3). 
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Table 2. Components of Azinphos Methyl molecule. 

 Bond Lengths (Aº) DFT Bond Angles (º) DFT 

 

 

F1 

O12-C9 1.22 O12-C9-N15 121.37 

N14-N15 1.36 C9-N15-H16 117.49 

N13-N14 1.27 C9-N15-N14 129.01 

N15-H16 1.01 N15-N14-N13 118.94 

O12-C9 1.22 

 
N14-N15 1.36 

N13-N14 1.27 

N15-H16 1.01 

 

 

F2 

S1-C14 1.84 C8-O3-P2 120.24 

S1-P2 2.09 O3-P2-O4 98.57 

P2-O3 1.93 O3-P2-S1 106.76 

P2-O4 1.62 O3-P2-13S 116.02 

P2-S13 1.94 13S-P2-O4 118.72 

O4-C5 1.44 S1-P2-13S 113.33 

O3-C8 1.44 P2-S1-C14 101.51 

 P2-O4-C5 119.46 

 

 

F3 

C2-S1 1.84 H6-S1-C2 96.92 

S1-H6 1.35  

 

 

F4 

H13-P12 1.40 H13-P12-O2 97.05 

O2-P12 1.61 O1-P12-O2 100.64 

O1-P12 1.63 11S-P12-O2 119.11 

11S-P12 1.94 H13-P12-11S 116.07 

O2-C3 1.44 C3-O2-P12 120.15 

O1-C6 1.44 C3-O2-P12 122.20 

 

F5 

C2-O1 1.42 C2-O1-H6 107.67 

H6-O1 0.97   

 

F6 

H5-P2 1.42 S1-P2-H5 118.09 

H3-P2 1.42 S1-P2-H3 118.09 

H4-P2 1.42 S1-P2-H4 118.09 

S1-P2 1.96 H3-P2-H4 99.63 

 H3-P2-H5 99.63 
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F7 

N12-H13 1.05 H13-N12-N11 111,14 

N12-N11 1.25 N12-N11-C3 120,88 

N11-C3 1.43 C4-C14-O15 119.75 

O15-C14 1.23 O15-C14-N16 122.53 

N16-C14 1.36 C14-N16-H17 117.13 

N16-H17 1.01 C14-N16-H18 121.58 

H16-H18 1.01 H17-N16-H18 121.28 

 

F8 

O15-C14 1.22 C4-C14-O15 122.86 

C3-N11 1.43 H16-C14-O15 121.40 

N11-N12 1.25 C3-N11-N12 120.00 

N12-H13 1.05 N11-N12-H13 111.38 

 

F9 

H3-N1 1.02 H3-N1-H2 105.76 

H4-N1 1.02 H3-N1-H4 105.71 

H2-N1 1.02 H4-N1-H2 105.76 

 

F10 

N13-H14 1.00 H14-N13-C11 119.98 

N13-H15 1.01 H15-N13-C11 114.84 

N13-C11 1.38 H14-N13-H15 116.13 

C11-O38 1.22 N13-C11-O12 121.62 

 
O12-C11-C4 122.10 

N13-C11-C4 116.27 

 

F11 

H4-N11 1.04 H4-N1-N2 106.1 

N1-N2 1.25 N1-N2-H3 106.1 

N2-H3 1.04  

 

F12 

H13-N12 1.05 H13-N12-N11 111.48 

N12-N11 1.25 N12-N11-C3 120.23 

N11-C3 1.43 C2-C3-N11 123.31 

 

F13 

H4-N3 1.00 H4-N3-H5 119.00 

H5-N3 1.01 H5-N3-C1 119.18 

N3-C1 1.36 H4-N3-C1 121.81 

 N3-C1-O2 125.00 
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Table 3. Energy-Enthalpy-Gibbs Free Energy Results of Compounds. 

Compounds Energy (kcal/mol) Enthalpy (kcal/mol) Thermal Free Energy 
(kcal/mol) 

Azin1 

gas phase 

(water phase) 

 
-1202132.925 

(-1202142.072) 

 
-1202176.523 

(-1202141.479) 

 
-1202132.333 

(-1202186.307) 

F1 

gas phase 

(water phase) 

 
-319450.270 

(-319456.640) 

 
-319449.670 

(-319456.050) 

 
-319475.390 

(-319481,760) 

F2 

gas phase 

(water phase) 

 
-883425.612 

(-883431.629) 

 
-883425.020 

(-883431.037) 

 
-883457.478 

(-883464.028) 

F3 

gas phase 

(water phase) 

 
-275255.780 

(-275258.270) 

 
-275255.190 

(-275257.680) 

 
-275273.230 

(-275275.750) 

F4 

gas phase 

(water phase) 

 
-608896.889 

(-608929.183) 

 
-608896.296 

(-608901.645) 

 
-608923.786 

(-608902.238) 

F5 

gas phase 

(water phase) 

 
-72577.470 

(-72580.670) 

 
-72576.870 

(-72580.080) 

 
-72593.790 

(-72597.010) 

F6 

gas phase 

(water phase) 

 
-465172.559 

(-465179.860) 

 
-465171.967 

(-465196.909) 

 
-465189.557 

(-465179.267) 

F7 

gas phase 

(water phase) 

 
-320185.650 

(-320192.990) 

 
-320185.060 

(-320192.390) 

 
-320213.350 

(-320220.790) 

F8 

gas phase 

(water phase) 

 
-285443.770 

(-285449.970) 

 
-285443.180 

(-285449.380) 

 
-285469.860 

(-285476.090) 

F9 

gas phase 

(water phase) 

 
-35460.880 

(-35464.740) 

 
-35460.290 

(-35464.150) 

 
-35473.990 

(-35477.850) 

F10 

gas phase 

(water phase) 

 
-251515.340 

(-251522.090) 

 
-251514.750 

(-251521.500) 

 
-251540.220 

(-251547.140) 

F11 

gas phase 

(water phase) 

 
-69406.400 

(-69409.100) 

 
-69405.810 

(-69408.510) 

 
-69421.350 

(-69424.050) 

F12 

gas phase 

(water phase) 

 
-214341.250 

(-214345.970) 

 
-214340.660 

(-214345.370) 

 
-214364.300 

(-214369.070) 

F13 

gas phase 

(water phase) 

 
-106575.870 

(-106582.370) 

 
-106575.270 

(-106581.780) 

 
-106594.240 

(-106600.220) 

 

 

4. Conclusion 

As a result, the decomposition reaction requires 
energy. OH radicals are used to cleave the Azinphos Methyl 
molecule. As seen in our trailers, Azinfos Methyl, which is 
harmful, has been decomposed up to F13 and has become 
harmless to the environment. We aimed to break Azinfos 
Methyl into the smallest harmless substances. As can be seen 
from the results, this fragmentation occurred theoretically. In 
the computational part of the study, the most reactive sites of 
the Azin1 molecule for hydroxyl radical attack were 
determined by the application of the Conceptual Density 
Functional Theory. The predicted mechanism indicated that 
the N-N bond cleavage mechanism is a more preferable 
pathway over the C -S bond cleavage. 
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 In this paper some mathematical models of COVID 19 were extended by incorporating vaccination, social 
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which are responsible for disease transmission and control. Visualization of the effect of the key parameters 
on the basic reproduction number was carried out. The data visualization demonstrates that vaccination and 
recovery rate are crucial parameters for eradicating COVID-19 from the population, while contact rate, lack 
of social distancing, and improper use of facemasks and hand sanitizers are crucial for COVID-19 
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public. The government needs to step up its vaccination efforts. 
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1. Introduction 

An unusual Coronavirus Disease 2019 (COVID-19) 
which is linked to Acute Respiratory Distress Syndrome was 
declared pandemic on March 11th, 2020, by World Health 
Organization (WHO). COVID-19 belongs to a new strain of 
novel coronaviruses known as SARS-CoV-2 [1]. The virus was 
discovered late December 2019 with patients admitted to 
hospitals with an initial diagnosis of pneumonia. Patients' 
illnesses were traced back to a market in Wuhan, Hubei 
Province, China that sells seafood and wet animals [2]. Because 
there were so many infected people in the "Huanan Seafood 
Market," the situation became increasingly dire [3]. 

A virus with symptoms including pneumonia was 
reported to the Chinese government, but its exact nature was 
unknown. Cases from the reported virus rose from 0 to over 40 
cases in just 30 days. The virus had a history of killing 
approximately 770 people in China. They died from what was 
then called the SARS disease in 2002 and 2003. 

Incubation for this virus, which causes respiratory issues, 
is between two and fourteen days [4]. Its symptoms include ; 
dry cough, flu, short breath, a runny nose, a sore throat, 
problems with musculoskeletal joints, diarrhea, and, in rare 
cases, a loss of sense of smell or taste. The two most common 
ways for COVID-19 to be transmitted from one individual to 
another are through respiratory droplet inhalation and skin-to-
skin contact. Many people who contract the COVID-19 viral 
infection will experience moderate to severe respiratory illness, 

 
* Department of Mathematics, Federal University of Technology Minna, Main Campus, Gidan Kwano, P.M.B 65, Minna, Nigeria. 

E-mail address: japhet.chembe@st.futminna.edu.ng 

but will eventually get better without any special treatment. In 
Africa, Nigeria recorded her first case on February 27, 2020, 
but as of 13th Nov, 2021 the figure had risen to 213,127 
infections with 2960 deaths so far [5]. It is sad to note that most 
of the mortalities of COVID-19 especially in developing 
countries are attributed to poor medical facilities and medical 
personnel. 

To effectively reduce the spread of COVID-19, 
governments have been implementing various control measures 
such as imposing strict, mandatory lockdowns and encouraging 
(and in some cases strictly enforcing) other measures such as 
individuals maintaining a minimum distance between 
themselves (social distancing), avoiding crowded events, 
imposing a maximum number of individuals in any gathering 
(religious and social), and the use of face masks in public [5]. 
To further help mitigate the spread of COVID-19, contact 
tracing of suspected infected cases has been stepped up in 
several countries and detected cases (asymptomatic and 
symptomatic) are quickly placed in isolation for prompt 
treatment [8]. 

As COVID-19 vaccines are being deployed worldwide, 
we formulate and qualitatively analyze a COVID-19 
mathematical model, taking into consideration available 
therapeutic measures, vaccination of susceptible and treatment 
of hospitalized/infected individuals. Our proposed model 
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incorporates some key epidemiological and biological features 
of COVID-19, including demographic parameters 
(recruitment/birth and death). The minimum population of 
Nigeria that must be vaccinated to curb the transmission of 
COVID 19 was estimated by the herd immunity thresh hold at 
36.638%. 

2. Materials and Methods 

2.1 The Model Description and Formulation 

In this model, we focus solely on Nigeria human 
population. The model partitioned the population into six (6) 
compartments namely "susceptible," "exposed," 
"quarantine/isolated," "infected," "recovered," and vaccinated. 
Recruitment into the susceptible class is by birth at the rate Λ. 

Susceptible individuals who have enough contact with the 
infected individuals are moved to the exposed class with the 
infection force. Susceptible individuals can also be vaccinated 
into the vaccination class at the rate. If the vaccine is ineffective 
(denotes the vaccine inefficacy), those individuals who are 
vaccinated with the vaccine and have made contact with 
infected individuals are also moved into the exposed class E(t) 
with the force of infection. The exposed individuals are moved 
into the infected class I(t) at the rate ω or just moved into the 

quarantine class Q(t) at rate τ. Individuals who are in the 

quarantine class without showing symptoms after 14 days of 
incubation are moved to the recovered class R(t) at the rate 
while those that showed symptoms are moved into the infected 
class I(t) at the rate. The infected individuals who after 
treatment recovered are moved into the recovered class R(t) at 
the rate γ. We assume that recovery from Covid-19 does not 
confer permanent immunity. Thus, the recovered individuals 
who were not vaccinated can return to the susceptible class at 
the rate ρ. 

Individuals in each class can die a natural death at the rate 
μ. Those individuals in the infected class have an additional 

death burden as a result of the infection. 

The transition rates from susceptible and vaccinated to 
exposed is given by the following force of infection. 

 
(1) 

Where η is the population that maintains social distancing to 
prevent the spread of Covid-19 and is denoted by 0< η ≤1 while   

represents the proportion of the population that makes proper 
use of face masks and hand sanitizers denoted by 0< ξ ≤1. All 
parameters are positive. Table 2 defines all the variables and 
parameters used for the formulation of the model (fig 1). 

2.2 Model Equation 

 (2) 

 (3) 

 (4) 

 (5) 

 (6) 

 (7) 

Table 1. Notations and Definition of Variables and Parameters. 

Symbol Description 

S(t) Susceptible class at time t 

E(t) Exposed class at time t 

I(t) Infected class at time t 

Q(t) Quarantine class at time t 

R(t) Recovered class at time t 

V(t) Vaccinated class at time t 

𝚲 Recruitment rate into the susceptible class 

α Transmission rate of infection 

σ1 Transition rate to the recovered class after 
incubation period 

σ2 Progression rate to the infected class 

µ Per capita natural death rate 

ρ Rate of loss of immunity after treatment as time 
passes by 

υ Vaccination rate 

η Rate of social distancing 

ξ Rate of use of facemask and hand sanitizers 

ω Progression rate from exposed to infected class 

τ Rate at which exposed individuals are taken into 
isolation 

κ Vaccination ineffectiveness (inefficacy) 

δ Death rate due to infection 

γ Rate of recovery from the infection 

2.3 Existence of Equilibrium Point 

At equilibrium 

 (8) 

( )( )

( )
( )

1 1
E I Q

N t

  


− −
= + +

( )
( )Λ

dS t
S R S

dt
   = − + − +

( )
( ) 

dE t
S V E

dt
    = + − + +

( )
1 2( )

dQ t
E Q

dt
   = − + +

( )
( )2

dI t
E Q I

dt
    = + − + +

( )
1 ( )

dR t
I Q R

dt
   = + − +

( )dV t
S V V

dt
  = − −

0dS dE dI dQ dR dV

dt dt dt dt dt dt
= = = = = =
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Let  

 (9) 

Therefore, the system (2) to (7) become  

 (10) 

 (11) 

 (12) 

 (13) 

 (14) 

 (15) 

Where,  

 
(16) 

2.4 Disease Free Equilibrium (DFE) State 

Let be the 

DFE point with  

Then, equation (10)-(15) becomes  

 

(17) 

At DFE  

 (18) 

 

Fig. 1 Schematic Diagram of the model. 

2.5 Basic Reproduction Number 

 The potential for the spread of a disease can be estimated 
using the basic reproduction number     . The basic reproduction 
number (   ) of an infectious agent, such as the corona virus, is 
defined as the average amount of secondary infections actually 
generated by an infectious person in a susceptible host 
population [9]. 

Using the basic reproduction number, one can predict 
how quickly a disease might spread. Reproduction number (R0) 
is the average number of new infections caused by a single 
infectious person in a susceptible host population [9]. The 
corona virus, like many other infectious agents, has a relatively 
high reproduction number. 

A model's basic reproductive number is equal to the 
largest eigenvalue of            or the spectral radius of the model. 
The basic reproduction number                           will be computed 
using the method of [10], where           is the rate at which 
infected people emerge in compartment  ,        is the rate at 
which people move into compartment   via all mechanisms  

Table 2. Description of Variables with their Values. 

Variables Description Values Source 

S(0) Susceptible class 199,950,894 A9 

E(0) Exposed class 3,550,457 A7 

Q(0) Quarantined class 3,392,457 A5 

I(0) Infected class 212,127 A3 

R(0) Recovered class 205,491 A4 

V(0) Vaccinated class 5,776,679 A8 

N(0) Total Human Population 213,089,105 A1 

other than epidemic spread, and            is the rate at which 
people move out of compartment  . 

The disease transmission model consists of the system of 
equations 

 (19) 

Where,  

 (20) 

 (21) 

Where   xj = E, I, Q   or   j=1,2,3 and X0 is the Disease Free 
Equilibrium Point. 

Secondary infections are predicted to occur within E,I,Q, and 
this is modeled in equations (10) through (15). The occurrence 
of new infections in each section is detailed in the matrix. 

  

(22) 

Let    

( ) ( )* * * * * * *, , , , , , , , , ,E S E Q I R V S E Q I R V= =

( )* *
1 0Λ R B S + − + =

* * *
2  0S V B E + − =

* *
3 0E B Q − =

* * *
2 4 0E Q B I + − =

* * *
1 ( )I Q R   + − +

* *( 0)S V  − + =

( ) ( )

( ) ( )

1 21 2 3

4 5

, ,

,

( )B B B

B B

     

   





+ + = + = + + = 


= + + = + 

( ) ( )0 0 0 0 0 0 0, , , , , , , , , ,X S E I Q R V S E I Q R V= =

0I =

0 0 0 0 0 0 0

0

N S E Q I R V

N


= + + + + +


 
= 



(1 )(1 )(E I Q)S (1 )(1 )(E I Q) V

0
0

N N

f

     − − + + − − + + 
+ 

 
=  
 
 
 

1 (1 )(1 )l   = − −

0R

0R

0R

1FV −

( )1
oR FV −=

(x)if

(x)iV +i

(x)iV −

i

(x) V (x)i i iV V − += −

0(X )i

j

f
V

x

 
=  

  
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Equation (22) becomes   

 
 

(23) 

At the point where disease-free equilibrium is achieved, the 
Jacobian matrix F equals; 

 

                     , where xj = E, I, Q   for j=1,2,3 and X0 is the  

Disease Free Equilibrium Point. 

Jacobian matrix of (233) at the equilibrium point where there is 
no disease; 

 

(24) 

The following matrix describes the rate at which individuals 
leave and enter the infective compartment. 

 (25) 

Where  

 (26) 

And  

 (27) 

The matrix (25) evaluated at the disease-free equilibrium 
point is given as; 

 

 
(28) 

 

Where xj = E, I, Q   for j=1,2,3 and X0 is the Disease Free 
Equilibrium Point. 

 

The inverse of V is computed using Gauss Jordan method, After 
carefully solving, we obtain V-1 to be  

 

 
(29) 

The next generation matrix FV-1 is given by

 

(30) 
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 ρ(FV-1) is the dominating eigenvalue of the (FV-1)  matrix. 

The eigenvalue is gotten using  

Where;

 

 

 
(32) 

( )( )1

0
0

l
S V E I Q

N

f


 

+ + + 
 

=  
 
 
 

1 1 1
1 1 1

0 0 0
0 0 0

l l l
B B B

F

           + + +
      

      
 =
 
 
  
 

2

4 2

3

Vi i i

B E

V V B I E Q

B Q E

 



− +

 
 

= − = − − 
 − 

2

4

3B Q
i

B E

V B I−

 
 

=  
 
 

2

0
V E Q

E

 



+

 
 

= + 
 
 

20

4 2

3

0 0
(X )

0

i

j

B
f

V B
x

B

 



 
   

= = − −        − 

2

1 3 2 2

2 3 4 3 4 4

2 3 3

1 0 0

1

1 10

B

B
V

B B B B B B

B B B

  −

 
 
 
 +

=  
 
 
  
 

3 4 3 2 4 3 42
1 1 1

1 2 3 4 1 3 4 1 3 4
1

( ) ( ) ( )

0 0 0
0 0 0

B B B B B B
l l l

B B B B B B B B B B

FV

  
     

−

      + + + +
+ + +      

      
 =
 
 
  
 

23 4 3 2 4 2
1 1 1

3 31 2 3 4 1 3 4

23 4
1 1

1 4

0 0 0
( ) ( )

0 0

0
( ) 0

0 0

B B B B
l l

B B B B B B B

B B
l l

B B

  
    

 


 

   −   + + +
+ − − +          − −       


  − + 

+ + =    
   

0(X )i

j

f
F

x

 
=  

  

1 0Fv I− − =

Evrak Tarih ve Sayısı: 30.05.2023-144261



Stability Analysis of COVID-19 Journal of Balkan Science and Technology 2023: 2(1): 8-19 
 

12 
 

 (33) 

 (34) 

Then 

 (35) 

Where  

Equation (35) gives the effective reproduction number, 
R0(v) when there was vaccine in circulation. In the absence of 
vaccinations (that is v = 0) then, the basic reproductive number                                                                                                                                         
is   is given as; 

 (36) 

       is the basic reproduction number which is the average 
number of secondary cases arising from one infectious 
individual in a completely susceptible population. 

2.6 The Model Stability Analysis  

Theorem 1: The DFE point E0  of the model is Locally Stable 
if R0 < 1 

Proof: The disease free equilibrium point is said to be locally 
asymptotically stable, if all the eigenvalues of the Jacobian 
matrix at DFE are negative or unstable if otherwise. 

At DFE, the Jacobian matrix of the underlying equation system 
is 

 

 
(37) 

 

Reducing equation (37) to upper triangular matrix gives 
equation whose characteristics equation is; 
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Hence, the disease free equilibrium point is locally 
asymptotically stable. 
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 (45) 

It is paramount to show that, 

 is Globally Asymptotically Stable 

(G.A.S.), and  

for  

H1: consider the uninfected subsystem, 

 
(46) 

When y = 0  that is E = Q = I = 0  

Then, equation (46) becomes,  
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By so doing we obtained  
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As                                                               regardless of the value 

of S(0), R(0) and V(0)  

Therefore, 

 satisfies global asymptotical stability 

H2: consider an infected subsystem
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(58) 

 

(59) 

Which implies that  for all . Therefore, 

the conditions (H1) and (H2) are satisfied. Thus, the global 

stability of the DFE is obtained. This completes the proof. 

Hence, the disease free equilibrium point is globally 

asymptotically stable when R0 < 1   

2.8 The Endemic Equilibrium State 

Let  (60) 

Suppose I ≠ 0  

Then,  
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Becomes  
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Equation (62) is the Endemic Equilibrium Point (EEP). 

Our total population using the endemic equilibrium points is 

given as; 

2.9 Stability of the Endemic Equilibrium State 

, then the system has an endemic 

infection because of the introduction of those with secondary 
infection. Here, we consider the case where I ≠ 0. The Jacobian 

matrix of the system of equation (10) to (15) at Disease 
Endemic Equilibrium Point is evaluated. The stability will be 
determined based on the sign of the eigenvalues of the Jacobian 
matrix. 
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 (63) 

The equation for the endemic equilibrium with the force of infection  (infection force) is as follows: 

 (64) 

 

(65) 

Reducing equation (65) to upper triangular matrix gives equation whose characteristics equation is; 

 (66) 

 

(67) 

The determinant gives;  

 (68) 

Equation (68) implies;  

or     or   or  (69) 

 or   

Therefore  

 or  or  or or   or  (70) 

From equation   

 (71) 

Hence, the disease endemic equilibrium point is 
asymptotically stable. This means that the disease is prevalent. 

2.10 Covid-19 Vaccine Effectiveness Analysis: Herd 

Immunity Ratio 

For the disease to be prevented, this is the minimum 
percentage of the population that must be vaccinated [12].  
provides an equation for the Herd Immunity Threshold 
indicated by H1. 

 
(72) 

 (73) 

 

3. Results  

The coefficient estimates of model variables and 
parameters used to conduct the sensitivity analysis and generate 
the graph display of sensitive constraints against R0 are 
provided in Table 3 and 3 respectively. 
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3.1 Detailed explanation of all of the parameters and 

their current values 

Table 3. Description of Variables with their Values. 

Variables Description Values Source 

S(0) Susceptible class 199,950,894 A9 

E(0) Exposed class 3,550,457 A7 

Q(0) Quarantined class 3,392,457 A5 

I(0) Infected class 212,127 A3 

R(0) Recovered class 205,491 A4 
 

V(0) Vaccinated class 5,776,679 A8 

N(0) 
Total Human 
Population 213,089,105 A1 

Table 4. Description of Parameters with their Value. 

Parameters Description Values Source 
 

 
Recruitment rate 
into the susceptible 
class 

0.036855 A2 

 Per capita natural 
death rate 0.011382 A10 

 
Death rate due to 
infection 

0.013888 A6 

 Recovery rate from 
infection 0.96417 A11 

 Vaccination rate 0.0456 A15 

 
Rate of loss of 
immunity after 
treatment as time 
passes by 

0.00103 A16 

 
Progression rate 
from exposed to 
infected class 

0.06002 A14 

 

Rate at which 
exposed individuals 
are taken into 
quarantine/isolation 
 

0.9554 A13 

 
Vaccination 
ineffectiveness 
(inefficacy) 

0.087 A12 

 
Rate at which people 
maintain social 
distancing 

0.2 Assumed 

 Contact rate 1.2 Assumed 

 

Rate at which people 
make proper use of 
face masks and hand 
sanitizers 

0.2 Assumed 

 

Progression rate to 
the recovered class 
after incubation 
period 

0.937 A18 

 
Progression rate  
from quarantine to 
the infected class 

0.0628 A17 

 

3.2  Sensitivity Analysis 

Sensitivity analysis is the study of how the uncertainty in 
the output of a model can be apportioned to different sources of 
uncertainty in the model input [12]. The sensitivity analysis in 
this study follows the procedure outlined in [13]. The 
normalized forward sensitivity indices with respect to a 
parameter value Q is defined as 

 

 (74) 

Where  
 (75) 

 

Calculating the sensitivity index requires the use of the 
Maple 16 software as well as the variables found in Table 5. 

The results presented in Table 5 demonstrate that the 
parameters can have either a positive or negative impact on R0. 
R0 will increase when the parameters are positive, but it will 
decrease when the parameters are negative. The sensitivity 
index is highest for the contact rate, followed by the other 
parameters in descending order. 

3.3  Estimation of the Basic Reproductive Ratio R0  of 

COVID-19 Transmission without Vaccination 

From the model equations, we had the basic reproductive 
ratio of COVID-19  transmission without vaccination as 

 

 (76) 

 

Putting the value of the parameters in Table 3.2 into 
equation (76) we have; 

 (77) 

Since R0 > 1, the prevalence of Corona Virus is 
considered an epidemic.  

 

Table 5. Parameter sensitivity analysis. 

Parameters Sensitivity index 

ε 1.0000000 

η -0.8002527 

υ -0.2500000 

γ -0.974460 

ξ -0.2500000 
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3.4  Estimation of the Basic Reproductive Ratio R0  of 

COVID-19 Transmission with Vaccination 

From the model equations, we had the basic reproductive 
ratio of COVID-19 transmission with vaccination as 

 (78) 

Putting the value of the parameters in Table 3.2 into 
equation (78) we have; 

 (79) 

Since the R0 (υ)
 

<1, it implies that with the proper use of 
vaccine, the virus can die out naturally if given a clean health 
bill. 

3.5 The Herd Immunity Threshold (H1) Estimation 

According to the herd immunity hypothesis, infectious 
diseases that are managed to pass from one individual to 
another are more likely to have their chains of transmission 
broken when there are a lot of people in a community who are 
immune to the disease or have a reduced risk of contracting it. 
For the purpose of determining the Herd Immunity Threshold 
H1, this research makes use of the method described in [12]. 

Where  is the Basic Reproduction Number in 

the absence of vaccination. 

Therefore, at least 36.638% of the population is going to 
be vaccinated to control the epidemic. 

3.7 Graphical Presentation of and Some Parameters of 

the Model 

Some of the parameters that can significantly affect  

are shown graphically in Fig 2 through 5.  

4. Discussions 

In this paper, we analysed the sensitivity of the model and 
studied the existence and stability of both the disease-free and 
disease-endemic equilibria. Herd immunity was also 
considered as the sole method of vaccination in our analysis. 
We compared our stability with that of the existing works and 
discovered that the local and the global stability of both our 
work and that of the existing works were locally and globally 
asymptotically stable at Disease Free Equilibrium point (DFE). 
All efforts to compare our estimated held  immunity threshold

 

  

Fig. 2 The Effect of Contact Rates on R0.  Fig. 3 The Effect of Vaccination Rates on R0.  

  

Fig. 4 The Effect of Social Distancing on R0.  Fig. 5 The Effect of Proper Use of Face Mask on R0. 
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Data in Table 4 allowed us to determine that the basic 
reproductive number for COVID-19 transmitting without 
vaccination is R0 = 1.578177354>1. This suggests an outbreak. 
This suggestion is in agreement with the work of Pakwan et al. 
(2021) whose R0 =1.40995>1 and other literature are considered 
in this work. COVID-19 transmission with vaccination has a 
basic reproductive number of R0 =0.42568. The introduction of 
vaccination into the model has resulted in a drop in the value of 
R0. As a result, increased vaccination will help to prevent the 
spread of coronavirus. 

That is to say, if stakeholders in the country take adequate 
measures to prevent the disease but if vaccination programs are 
bolstered generally, the disease will be eradicated for good. 

In order to prevent the spread of disease, it is necessary 
for at least 36.638% of the population to be vaccinated, as 
determined by the Herd Immunity Threshold that was 
calculated in this research. 

People who have not received vaccinations have a 
significantly higher risk of contracting diseases from both other 
people and, more dangerously, from surfaces they come into 
contact with. If a sufficient number of people are vaccinated 
through mass vaccination, the disease will be eliminated if it 
reaches and then transcends the Herd Immunity Threshold 
level. As a result, 36.638% of the population will have to be 
vaccinated in order to successfully eradicate the pathogen from 
the population. If the vaccine used is insufficiently effective or 
the required coverage cannot be reached, the programme may 
not be able to exceed the herd immunity threshold; it can, 
however, disturb the balance of the infection without 
eliminating it. This change occurs simply because there are now 
fewer susceptible individuals in the population who can be 
infected. On the other hand, if the vaccination exercise causes 
the proportion of immune persons in a population to exceed the 
Herd Immunity Threshold for a significant length of time, 
transmission of the COVID-19 disease in that population will 
gradually come to a halt. 

Also, from our simulations, it was found that when the 
numbers of vaccinated humans are increased, the number of 
humans that will have attained a level of immunity also 
increase. If vaccination is done properly, then we are sure to 
have a lot of COVID-19 immune persons in our system, thereby 
decreasing the spread of Corona Virus amongst humans. 

As shown in Fig. 2, the Basic Reproduction Number R0 
rises as the rate of contact increases over time. This means that 
those who are susceptible should stay away from infected 
people to prevent the virus from spreading. 

As shown in Fig. 3, as the vaccination rate rises, the Basic 
Reproduction Number R0 falls. In other words, if enough people 
get the vaccinated, the disease could be contained. 

As can be seen in Fig. 4, social distance has a negative 
impact on the R0. R0 decreases as the speed of social distancing 
increased. This means that susceptible people who abstain from 
social gatherings have a lower risk of contracting the virus; so, 
we should practice good social distancing to limit the spread of 
the disease. 

Proper use of face mask has a noticeable impact on the 
basic reproduction number R0, as shown in Fig. 5.  R0 decreases 
as more people start using face masks correctly. This means that 
those who are susceptible but who keep using a face mask while 
around infected people have a better chance of avoiding 
infection; consequently, we need to keep using face masks 
correctly to prevent the disease from spreading further. 

5. Conclusion 

In this study, we analysed the Local and Global stabilities 
of the DFE and calculated the DFE and EE in terms of the 
infectious force. Since the DFE is consistent everywhere, this 
implies that the Corona Virus can be contained when R0  is less 
than 1. Based on the sensitivity analysis results, it is clear that 
the contact rate R0 is the most important factor in raising the R0, 
while the vaccination rate v is the most important factor in 
lowering the R0. The data visualization shows that eradicating 
the Corona Virus requires not only a higher vaccination rate, 
but also a higher recovery rate. Additionally, as shown in Figure 
1, the basic reproduction number increases as the amount of 
contact with infected patients of the Corona Virus grow. 
Therefore, to lessen the spread of epidemics, infected people 
should be kept apart from healthy ones. It has also been 
suggested that the government should invest more in the Corona 
virus vaccines as well as the distribution of face masks and hand 
sanitizers to help slow the spread of the disease. 
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 Mosquitoes, representing an ectothermic metazoan parasite, are hypothesized to be highly affected by 
concurrent climate change. It is also particularly emphasized that field-based data from the studies 
conducted under realistically fluctuating natural conditions are needed to perform accurate measurements 
of the impact of such climate effects. For this purpose, a specific greenhouse unit was established in a highly 
endemic natural habitat of Culex pipiens located on the Tekirdag Namik Kemal University campus. This 
protocol description-based study was performed in order to reveal a detailed application process of a semi 
field study unit as well as to underline particular advantages and drawbacks of such units, which were 
designed for the purpose of obtaining field data, and finally to prompt certain related suggestions. In the 
preparation of the study documentation, protocols and studies on a sample unit were taken into account in 
order to base the principles on realistic data. 
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1. Introduction 

More than 3500 species of mosquitoes, which constitute 
the most important arthropod group for human beings as well 
as animals, have been reported worldwide so far [1]. This 
importance is due to both the number of agents that they can 
transmit to the different host groups and the fact that these 
agents, which can be seen in humans and animals around the 
world, may cause serious life-threatening diseases [2]. 
Mosquitoes are common throughout the world; however, 
species diversity and/or density varies from region to region, 
and humid tropical/subtropical regions contain ¾ of the known 

species [3]. 

Although there is a plethora of studies on the effects of 
temperature on arthropod life history traits, these have mainly 
been carried out under laboratory conditions, often applying 
constant temperature regimes on laboratory colonies. However, 
it is well known that the laboratory colony or natural population 
status of the mosquitoes used in the studies, or the territories of 
the study, can significantly affect the thermal response of 
insects to varying degrees [4-9]. Furthermore, insects routinely 
experience variable climatic parameters on a daily, monthly, or 
seasonal basis in their natural habitats. Various biological and 
population traits [10, 11] and vector capacities [12-14] are 
characterized under the constantly variable drivers under the 
natural circumstances. Therefore, in order to obtain more 
reliable data on such parameters, it is much more convenient to 
carry out the relevant studies directly in the natural environment 
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of insects or in a realistic simulation of their natural habitat [15, 
16]. Particular emphasis is placed on the requirement for studies 
conducted under realistic fluctuating field conditions to 
accurately measure the impact of climate change on living 
systems, including vectors, as climate change is predicted to be 
characterized by variations in temperature values and increased 
frequency of periodic thermal extremes [14, 17-21]. 

Although the importance of field data is well known, 
there are no detailed protocols for obtaining detailed field data 
on mosquitoes. In particular, the establishment of field 
simulations is a method that is rarely applied in the world. This 
is of course also due to the particular challenges of obtaining 
field data on mosquitoes compared to many other parasites. 
However, it is now a fundamental necessity to put in place some 
initiatives in order to reach realistic field data in any case. 

In this study, the characteristics of a field simulation 
complex, which can be used in mosquito studies and the 
principles of its used protocol, are discussed in some basic 
aspects. In order to base the analysis and inferences on realistic 
data, the operation of an existing and actively used sample 
facility was taken as basis. The sample facility is established in 
an area containing rather high C. pipiens natural population 
endemically, together with some other mosquito species [22]. 
In addition to having a population density at the level required 
for a detailed study in the area, the fact that this species is an 
ideal model for some ecological studies such as evolutional 
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adaptation [23] also played a role in its selection. In this review, 
study designs that can be conducted directly under natural 
conditions in order to obtain field-based data on the life history 
traits and ecological features of C. pipiens in and/or around the 
greenhouse system, which is designed specifically and 
established in Tekirdag Namik Kemal University campus are 
addressed from various aspects. 

2. Materials and Methods 

2.1 Principles of the study area selection 

The study area is placed in the agricultural research area 
of the Tekirdag Namik Kemal University campus which is 
located in the central district of Tekirdag province, in the 
coastal region of the Marmara Sea, and on the southern part of 
Eastern Thrace. The site is located in a peri-urban environment 
and consists of woodlands, fields, greenhouses, and buildings. 
Trials are conducted in and/or around a greenhouse system 
(40o59'32.12''N, 27o34'43.93''E) designed as a simulation of 
natural condition for arthropod research (Fig. 1). The region, 
which is located in the subtropical zone, is under the influence 
of "summer arid and hot temperate climate type (Csa)" 
according to the Köppen-Geiger climate classification [24]. The 
study area was preferred based on the following features: i) the 
natural prevalence of C. pipiens, which is the most common 
mosquito species in Tekirdag and almost all regions of Turkey 
and constitutes the main subject of our study, ii) since the aim 
of the study was to determine how the natural process proceeds, 
the mosquitoes to be examined should not have been exposed 
to special conditions or passed through some special process, 
and iii) the absence of a clinically important disease outbreak 
due to active vector dynamic related to the mosquito species 
belonging to the natural fauna of the region. 

2.2. Establishment of a purposive greenhouse 

The greenhouse system (5 m x 7 m x 2,5 m), which does 
not have any thermal insulation, artificial lighting, or air 
conditioning, is established in a wooded part of the study area. 
The greenhouse is covered with wire mesh and the ceiling is 
covered with white nylon tarpaulin to prevent the entry of wild 
animals, direct sunlight, and rain (Fig. 1A). 

2.3. Recording of climatic parameters 

Temperature and humidity values of the study area were 
recorded hourly by means of dataloggers (TFA Dostmann 
Klimalogg Pro 30.3039, Germany) placed inside the 
greenhouse. Dataloggers are positioned in such a way that they 
do not receive direct sunlight. Rainfall data are recorded daily 
by rain gauges (TFA Dostmann 47.1008, Germany) placed 
around the greenhouse. Wind data is obtained from the General 
Directorate of Meteorology. 

2.4. Lure of mosquitoes to the vicinity of the study area 

It has been reported that CO2 and various odors emitted 
by the host are attractive features in mosquitoes' host selection 
[25]. It has also been emphasized that the addition of bird 
uropygial gland odorants to CO2 supplied traps will increase 
the collection of Culex species [26]. Besides, C. 

quinquefasciatus has a specific interest in fecal odorants of 
poultry [27]. To lure mosquitoes in the vicinity of the study 
area, ten domestic chickens (Gallus domesticus) were 
constantly maintained in a coop complex (4 m x 5 m x 4 m) 
covered with wire mesh on three sides, a wall on one side, and 
a tarpaulin on the ceiling. Feces obtained from chickens were 
collected in certain areas around the greenhouse. In this way, it 
is aimed to accelerate the orientation of the mosquitoes existing 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 1. Study area (A: greenhouse system, B: containers used for the larvae rearing in the greenhouse system). 
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in the vicinity to the greenhouse environment and to stimulate 
their feedings in their natural process. Mosquitoes that head to 
the study area immediately enter the resting mode on the walls 
or ceilings of the reinforced concrete area in the coop after 
feeding on the chickens, and these gravid females wait in this 
mode until they are ready to lay eggs. Chickens are both natural 
hosts that mosquitoes can feed on, and the presence of chickens, 
birds, other animals, or humans in an area play as an effective 
attractant for C. pipiens, whose host selectivity is quite flexible 
[28]. 

2.5. Obtainment of mosquito egg rafts for any trials on 

larvae 

Obtaining egg rafts is a basic requirement for conducting 
life history traits and population dynamics in the C. pipiens 
mosquito. Accordingly, breeding/laying containers were placed 
around the greenhouse system for the supply of egg rafts. The 
egg rafts laid in the containers were collected daily and used for 
relevant studies performed to determine the larval development 
process under natural circumstances. 

2.6. Design of the study targeted to examine the details of 

life history traits 

The main purpose of the experiments, which will 
investigate the life history characteristics of C. pipiens, is to 
monitor the larval development of the local population from the 
egg laying to the adult emergence under the local temperature 
regime. As long as the reproductive dynamics of the natural C. 

pipiens population in the study area continues, it should be 
aimed to establish trial groups on a monthly basis. The duration 
of the study should be planned so that at least a one-year cycle 
is completed. Egg rafts laid directly by mosquitoes obtained 
from the breeding/laying containers placed in the vicinity of the 
greenhouse system for the establishment of the trials. Trials 
should be set up on the day the first instar larvae emerge from 
these egg rafts. Egg rafts obtained from breeding/laying 
containers should be taken into egg incubation containers that 
contain water supplied with fry food. Incubation containers 
should be followed in the greenhouse until the first stage larvae 
emerge. A trial group belonging to the relevant month should 
be established from the larvae emerged in the relevant month. 
First instar larvae hatching from at least six egg rafts on the 
same day should be collected in a single pool for each trial 
group. In total 288 larvae randomly selected from this pool can 
be divided into 36 clear glass cups (bottom diameter: 6 cm; top 
diameter: 8 cm; height: 8 cm; water depth 5.5 cm) containing 
150 ml of commercial water and eight larvae in each glass. The 
day on which eight larvae are distributed to the glasses should 
be marked as the day 0 (starting day). Here, we recommend that 
the number of larvae to be used should not fall below 200 for 
each trial to obtain accurate data for the statistical analysis and 
relevant modellings. Again, it is recommended that the number 
of larvae to be placed in each glass cup described above should 
not exceed eight. Because, in a study in which the intraspecies 
crowding effect was investigated in the larvae of C. pipiens 
mosquitoes, the success of adult emergence in the container 
containing eight larvae seems ideal among the experimental 
groups in containers prepared in the same way [29]. Exceeding 
this number will trigger the larval crowding effect, negatively 
affecting the main objectives of the experiment. Each cup 

should be placed one by one in transparent plastic containers (h: 
20 cm; diameter: 20 cm) to prevent the escape of emerging 
adults (Fig. 1B).  

The upper opening of the containers should be covered 
with gauze and a cotton-plugged hole should be created in the 
middle of the gauze to collect the emergent adult mosquitoes 
with a mouth aspirator or any other aspirator types. Water loss 
due to evaporation during daily checks on glasses should be 
supplied by adding equal amount of commercial water. Larvae 
should be fed according to the protocol related to juvenile fish 
food and feeding should be discontinued from the pupal stage 
[30]. In order to be able to directly observe the effect of 
meteorological parameters, special attention should be paid to 
prevent the larvae from being exposed to nutritional deficiency 
and crowding in the experimental groups, since it is essential to 
eliminate other factors. 

In the experimental groups, the number of living larvae in 
the glasses, the number of dead larvae, the number of daily 
formed pupae, the number of living pupae, the number of dead 
pupae, the number of emergent males and females and the 
temperature level in the greenhouse system should be recorded 
daily. The developmental process of the larvae in the cups 
should be monitored daily from the first instar larval stage to 
adult emergence and/or death of the last aquatic form. Relevant 
examinations must be performed before 18:00 in the evening. 
All records of larvae, pupae and adult emergence and 
temperature taken in a 24-hour period from 18:00 to 18:00 for 
consecutive days should be used as single-day data. 

Wing measurements can be taken from randomly selected 
30 male and 30 female individuals from the emergent adult 
collected in a pool. It has been stated that wing length is an 
indicator of body size in adult mosquitoes [17, 31]. By 
measuring the wing lengths of the adults, it can be determined 
to what extent they are affected by the periodic temperature 
regime exposed during the development. Measurements should 
be made from the anal lobe to the wing tip, using the same wing 
(left wing in this study) for each individual [32]. Species 
identification of mosquitoes used throughout the study was 
performed under a stereomicroscope using specific 
identification keys based on the morphological characteristics 
of different developmental stages [33-35]. 

In the study designed such a way described above, the 
development time of the larva until the pupae, the development 
time of the emergent males and females, the survival rate and 
wing length, the number of deaths in the larvae and pupae, the 
daily ambient temperature values experienced during 
development (daily maximum, minimum and average 
temperatures, and daily temperature) were taken as indicators 
to measure the effects of natural circumstances to the 
development process of C. pipiens aquatic forms. 

2.7. Design of experiments to monitor propagation 

characteristics and population dynamics 

In this study, it has been aimed to determine the monthly 
reproductive characteristics and population dynamics of C. 

pipiens under the fluctuating natural conditions. In this 
direction, breeding containers were placed at the different 
distances  in  the  vicinity  of  the  greenhouse system, some of  
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Fig 2. The localities of breeding containers placed in the study area 

 

which were outdoors and some were indoors. The number of 
containers and their site may vary according to the conditions 
of the area where the study is performed [36]. The containers 
were placed in different foci with different characteristics at 
some extent; one plastic and one tire container were placed side 
by side in each focus (Fig. 2). It has been aimed to reveal four 
facts in the selection of the type and location of the containers, 
namely the following: i) how far from the feeding focus 
(chicken house) do mosquitoes lay eggs? ii) is there a difference 
of interest in tire and plastic containers in the selection of the 
laying site? iii) do indoor and outdoor preferences change in 
egg laying? and iv) how does the monthly course change in 
respect of all these preferences? 

It is recommended that this study be conducted for 
at least one year to clearly demonstrate monthly and 
seasonal propagation characteristics and population 
dynamics. Egg rafts in all containers should be counted 
every day and collected by recording the container codes 
and other relevant records. Photographs of the rafts 
should be taken under a stereomicroscope to determine 
egg numbers per raft. Then, the rafts should be taken into 
glass cups supplied with fry food one by one and kept 
until the larvae hatch. The hatching times should be noted 
by counting the larvae when they emerge. 

A wooden board is mounted on top of the breeding 
containers to prevent them from overflowing by rain and 
being exposed to direct sunlight. In addition, each 
container is protected with wire to prevent animals from 
getting inside and drinking water. Six liters of distilled 
water up to six cm high was put into rectangular plastic 
containers (25 cm x 38 cm; h: 27 cm). Six liters of 
distilled water was poured into the tire (outer diameter: 
47 cm, inner diameter: 38 cm, length: 47 cm, width: 25 

cm) with a depth of six cm. In order to lure mosquitoes 
to the water bodies placed in the containers, the attraction 
technique with straw infusion was used as described in 
the related study [37]. 

3. Conclusion 

Considering the evaluations made on the unit used as a 
model, it is understood that the following parameters should be 
considered in fieldwork simulations: i) since C. pipiens prefers 
to lay eggs in containers at the shaded foci for most of the year, 
rearing containers used in the studies should be kept out of 
direct sunlight, ii) The instructions for the use of the devices 
used in the measurement of meteorological parameters should 
be fully complied with, e.g., at least three rain gauges should be 
used considering possible local differences, and the average 
value should be used as ambient data, iii) thermometers must 
be placed in such a way that they do not receive direct sunlight; 
this will result in highly erroneous temperature readings being 
recorded and the related error will manifest itself especially 
with abnormal increases in temperature difference between day 
and night, iv) natural mosquito breeding areas in the selected 
locality should be determined and whether they will affect the 
study should be evaluated, v) it should definitely be taken into 
account that larval crowding and feeding deficiencies can result 
in very crucial problems in larval development, and vi) it should 
be known that the presence of animal hosts, which are kept in 
accordance with natural conditions, is one of the most important 
factors in attracting mosquitoes to a certain area. 

When the designs of field research described in this study 
were evaluated together, the following aspects have been 
determined: i) the number of egg rafts laid by C. pipiens on a 
daily basis under the circumstances of realistic natural 
conditions in a year; ii) whether the number of eggs per egg raft 
changed on a monthly basis; iii) the embryonal development 
time and the performance of larva hatching from egg rafts 
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conceived on a monthly basis; and iv) the development time and 
performance from first instar larvae to adult emergence 
revealed successfully on a monthly basis. For this purpose, 
field-based data on C. pipiens life history traits and ecology 
were accurately obtained using the described study area design 
and the performed study protocols in this document. 
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 In the mitochondrial electron transport pathway (ET-pathway) electrons are transferred from reduced 
substrates  to oxygen which is coupled to the phosphorylation of ADP to ATP. The electron transfer pathway 
leads to electron leakage, mitochondria, which is the most important source of free radicals in cells. When 
mitochondria are damaged by oxidation, they cannot keep up with the cell's energy needs. This determines 
the cell to produce more free radicals. Both mechanisms, namely faulty ATP generation and elevated oxygen 
radicals, may promote mitochondrial-dependent apoptosis. Melatonin's high concentrations and diverse 
antioxidant activities provide substantial protection to organelles which are exposed to a large number of 
free radicals. It has been shown that melatonin reduces oxidative stress and stress-induced mitochondrial 
dysfunction both in vitro and in vivo. Moreover, melatonin is protective against a number of illnesses in 
which excessive free radical production is the primary cause of the disease. Several diseases are 
characterized by mitochondrial damage caused by oxidative stress. Consequently, melatonin has gained 
recognition as a potential therapeutic agent for treating cancer and other mitochondrial dysfunctions in 
cancer cells. 
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1. Introduction: Mitochondria generate ROS 

In eukaryotic cells, mitochondria are essential organelles 
that provide the energy source adenosine triphosphate (ATP), 
which powers the majority of a cell's biological functions. 
During the synthesis of ATP, electron transporters transfer 
electrons to oxygen, where they bond to produce water [1]. 
Membrane-bound electron transfer pathway consists of sets of 
electron carriers distributed across four enzyme complexes, 
namely complex I, complex II, complex III, and complex IV [2]. 
Across the inner mitochondrial membrane, a proton gradient is 
formed by the process of electron transport. Complex V (ATP 
synthase) then uses this proton gradient to create ATP. The other 
components of the mitochondrial electron transfer pathway are 
tricarboxylic acid (TCA) cycle, mitochondrial matrix 
dehydrogenases, and the carriers involved in metabolite 
transport across the mitochondrial membrane. As a result, the 
mitochondria are responsible for the synthesis of a wide variety 
of chemicals, such as amino acids, nucleotides, and reactive 
oxygen species (ROS) [3]. Complex IV generates water as the 
last product of the respiratory chain by a four-electron reduction 
of molecular oxygen (O2). The transfer of electrons from one 
carrier to the next in the ET pathway is not a perfect process; 
some electrons are lost in translation and end up interacting with 
nearby ground-state oxygen molecules, which results in the 
production of ROS [4]. Some of these are the superoxide anion 
radical (O2.-), the hydroxyl radical (.OH), the hydroperoxyl 
radical (HOO), the peroxyl radical (ROO), and the alkoxyl 
radical (RO) [5]. 
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The cell’s natural antioxidative defense mechanism 

typically decomposes free radicals and neutralizes their 
peroxidation products. When these metabolites build up out of 
control, free radicals trigger chain reactions that damage 
proteins, lipids, and DNA. Since mitochondria play a crucial 
role in ROS production, they have been the major target, 
causing injury to the mitochondrial respiratory system and an 
increase in free radical creation. Increased cellular oxidative 
stress is a contributing factor to the development of illnesses 
including diabetes [6], cardiovascular disease [7], 
neurodegenerative disease, and cancer [8] under these 
conditions. However, cells have evolved defense mechanisms 
to fight the oxidative stress caused by ROS. Due to this, the 
main defense is to use different types of antioxidants, such as 
small antioxidant molecules like melatonin. It is well 
acknowledged that melatonin serves as a crucial regulator of 
mitochondrial integrity and function and protects cells from 
oxidative damage [9]. This has also been shown in several in 
vivo and in vitro studies [8,10]. 

2. The Origins of Melatonin and Its Diverse Roles 

Melatonin is thought to have evolved for the first time 
with the task to get rid of harmful O2 derivatives made by 
photosynthetic bacteria during photosynthesis[11,12]. The fact 
that the structure of melatonin in cyanobacteria is the same as 
the structure of melatonin in mammals today is an important 
sign that its chemical structure has not changed [13]. Therefore, 
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the original property of being an antioxidant was kept and 
helped by evolution and other properties. Melatonin, which was 
first isolated and described by Lerner et al in 1958, is 
synthesized by the pineal gland and released into circulation 
[14]. Melatonin production also occurs in lymphocytes [15], the 
skin [16], the gastrointestinal tract [17], the thymus, various 
areas of the eye, and bone marrow, also it is involved in 
paracrine and autocrine signaling. Therefore, the pineal glands' 
melatonin release is connected to the circadian rhythm and 
synced with the light-dark cycle. In mammals, unlike other 
species, its production is restricted to darkness. It is a crucial 
physiological ingredient that signals circadian time and 
synchronizes several activities in the body [18]. 

Among the many physiological processes that melatonin 
regulates are those related to sleep [19], immunity [20], and 
seasonal control of reproduction [21]. It has been demonstrated 
that the pharmacological dosages of melatonin decrease tumor 
development and have therapeutic efficacy in several forms of 
cancer, including breast cancer, prostate cancer, and melanoma 
[22]. Melatonin membrane receptors belong to the G-protein 
coupled receptor families (MT1, MT2) and the quinone 
reductase enzyme family (MT3), making them molecularly 
separate [23]. Activation of MT1 receptors by melatonin is 
typically reliant on the inhibition of cAMP, leading to an 
increase in cytosolic calcium, while binding to MT2 receptors 
inhibits cAMP and cGMP [24]. MT1 receptors are involved in 
reproductive and metabolic processes, while MT2 receptors 
play a role in the circadian rhythm and dopamine release from 
the retina [25]. Similarly, the binding location in the nucleus has 
been found and described for RZR/RORα and RZRβ orphan 

receptors [26]. The interaction of melatonin with these receptors 
contributes to some of its genomic effects. Some of the 
melatonin's effects do not involve its receptors at all. Melatonin 
interacts with cytosolic proteins, including calmodulin, which 
regulates the cytoskeleton and nuclear receptors, and it 
functions as a direct scavenger of free radicals [27]. 

3. Melatonin and Mitochondria: Melatonin is a 

Mitochondria-Targeted Antioxidant 

When examining the interaction between melatonin and 
mitochondria, three features of melatonin that are crucial to 
mitochondrial homeostasis come to the forefront. The first is 
that mitochondria create significant quantities of ROS and that 
melatonin is a potent ROS-scavenging antioxidant; the second 
is that melatonin is highly produced in mitochondria and the 
apoptotic signals associated with mitochondria are extremely 
strong. Thirdly, the circadian rhythm significantly affects 
mitochondrial structure and function [28,29]. Within a decade 
after the discovery of indole as potent free radical destroyer and 
passive antioxidant, it was shown that melatonin prevents ROS 
damage at the mitochondrial level [30]. The seizure-inducing 
fatal characteristics of cyanide, a complex IV inhibitor, were 
reversed by the injection of melatonin in mice, as shown by 
Yamamoto and Yang. Melatonin also counteracts the 
neurotoxic effects of 6-hydroxydopamine (6-OHDA) [31], and 
1-methyl-4-phenyl-1,2,3,6 tetrahydropyridine (MPTP) [32]-
mediated malfunction of mitochondrial Complex I. In addition, 
research on rats revealed that it increased complex I and IV 
activities and repaired mitochondrial damage simultaneously 
[33]. 

Oxygen is necessary for aerobic organisms and increases 
the amount of ATP produced by glucose oxidation. Even though 
oxygen is a biradical, it is one of the primary causes of ROS 
production [34]. This is especially significant in mitochondria, 
where electrons leak each time during electron transport, 
resulting in oxygen reduction and the generation of one of the 
most critical ROS, superoxide anion [35]. 

Melatonin is also known as an indirect antioxidant 
because it can increase the activity of several antioxidant 
enzymes, such as superoxide dismutase and glutathione 
peroxidase, and decrease the activity of pro-oxidant enzymes. 
As a result, this plays a significant role in the antioxidant 
system, helping to maintain mitochondrial homeostasis, cutting 
down on ROS formation, and enhancing ET-pathway activity. 
Due to the antioxidant action of melatonin, lipids are protected, 
lipid peroxidation is reduced, and membrane fluidity is 
maintained, therefore preventing oxidative degradation [36]. 
The antioxidant activity of melatonin depends on the redox 
cascade pathway, and this scavenger cascade ensures that 
melatonin works very effectively in removing free radicals and 
as an antioxidant. It is also known that melatonin enhances the 
enzymatic or non-enzymatic cellular defense mechanism by 
modulating the intracellular redox signaling system and 
protecting critical proteins in the redox pathway from oxidation, 
such as Trx1  [37]. Melatonin's scavenger activity does not 
require a receptor, according to in vitro  studies, but certain 
antioxidant effects may be receptor-mediated. Melatonin's 
protective impact as an oncostatic agent or in the neurological 
system may be attributed to this quality [38]. 

Melatonin can affect mitochondrial bioenergetic 
parameters by regulating the oxygen flux and the mitochondrial 
membrane potential. In vitro experiments with normal 
mitochondria have also shown that mitochondrial function is 
protected against ROS-induced oxidative damage and oxygen 
consumption is reduced in the presence of ADP, which leads to 
a decrease in membrane potential and inhibition of O2·− and 
H2O2 [39]. Melatonin is also known to cause a decrease in 
membrane potential and ATP production by increasing the gene 
expression of uncoupling proteins (UCPs), which play an 
important role in the modulation of mitochondrial membrane 
potential. Melatonin may counterbalance the decreased ATP 
generation caused by the activation of UCPs by decreasing 
electron leakage and increasing electron flow through the 
membrane bound electron carriers [40]. 

4. Melatonin, Mitochondria, And Cancer 

Mitochondrial damage greatly contributes to the 
dysregulation of cellular metabolism by directing glucose 
breakdown from the aerobic to the anaerobic pathway. 
Dysregulation of mitochondrial activity, defined by Krebs cycle 
abnormalities, has been linked to the overproduction of ROS, 
which may contribute to oncogenic signaling and tumor growth 
by irreversibly modifying DNA and oxidizing proteins. Otto 
Warburg hypothesized that even if there is no change in oxygen 
circumstances, metabolic alterations may play a role in the 
switch from oxidative phosphorylation to glycolysis, resulting 
in cancer. This phenomenon is known as the Warburg effect or 
aerobic glycolysis [41]. 
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Although it is known that the conversion of glucose to 
lactate via glycolysis in anaerobic conditions is inefficient when 
it comes to ATP generation compared to oxidative respiration, 
tumor cells must make the conversion of glucose to glucose-6-
phosphate efficient. Based on positron emission tomography 
(PET) examinations conducted for this purpose, it has been 
shown that the glucose absorption of cancer cells is directly 
correlated with their aggressiveness. In addition to revealing the 
significance of metabolic research in cancer, these findings will 
boost the efficacy of targeted treatments as a consequence of a 
comprehensive analysis of the function of mitochondria in 
cancer. Research into MDA-MB231 cells undergoing metabolic 
reprogramming to a glycolytic phenotype has shown a strong 
correlation between mitochondrial and cell membrane 
morphology and energy consumption in cancer [42]. 

Many researches in recent years have proven the anti-
cancer impact of melatonin on cancer cells, and its usage is 
expanding. According to research, increasing melatonin levels 
at night aid in the control of homeostatic balance. Melatonin's 
behavior varies depending on cell type or circumstance [43]. 
Melatonin has this oncostatic impact through receptor-
dependent or receptor-independent mechanisms, as shown [44]. 
MT-1 and MT-2 receptors are G-protein coupled receptors that 
are involved in the downstream pathway. In this process, it is 
claimed that the decrease in lineoic acid intake and therefore the 
anti-proliferative impact of melatonin are implicated in the 
mechanism of action due to the suppression of cAMP [45]. 

Apoptosis, also known as programmed cell death, is the 
most essential mechanism for balancing cell growth and death. 
There are two key extrinsic and intrinsic pathways in apoptosis. 
While death receptors and caspases play a role in the extrinsic 
apoptotic process, Bid (tBid), which is released into the 
mitochondria upon Caspase activation, initiates the internal 
apoptotic pathway. The intrinsic apoptotic pathway is a 
mitochondrial-mediated pathway that is activated by factors like 
DNA damage, chemotherapy, and radiation therapy. This 
pathway involves bax-bak, a member of the pro-apoptotic bcl-2 
family, and the apoptotic process starts when molecules like 
cytochrome c are released. Therefore, getting bax/bak to work 
is a very important part of treating cancer [46]. 

Melatonin is known to have both pro-apoptotic and anti-
apoptotic properties. It prevents apoptosis from occurring in 
normal cells while encouraging it in cancer cells. However, this 
double effect remained a topic of discussion. In addition, 
melatonin may start apoptosis by stimulating the cytosolic 
cascade and triggering the release of cytochrome c or an 
increase in antiapoptotic proteins. 

The effects of melatonin on cancer cell growth and 
apoptosis are the result of a number of research and processes. 
It has been shown that melatonin inhibits ERK and Akt when 
they are activated by reactive oxygen species (ROS), resulting 
in suppression of cyclin D1, Bcl-2, and up-regulation of bax in 
cancer cells. It also induces apoptosis by inhibiting the 
expression of the p53 negative regulator MDM2, increasing 
caspase-3 and caspase-9 activity [47]. 

Under hypoxic circumstances, it is known that cancer 
cells acquire resistance to TRAIL-mediated death, which is 
another method of action. Melatonin therapy inhibits hypoxic 

conditions for bax release via modulating mitochondrial 
membrane potential and promoting apoptotic cell death by 
removing TRAIL-mediated apoptosis resistance in cancer cells 
[48]. In addition, it has been shown in HepG-2 cancer cells that 
melatonin decreases proliferation by arresting the cell cycle in 
the G2/M phase [49]. Melatonin has a function in early 
apoptosis by increasing the production of AIF via TGF-1, and 
in late apoptosis by reducing the bcl-2/bax ratio through 
caspase-7 and caspase-9 [50]. 

In recent years, the use of melatonin to enhance the 
therapeutic efficacy of anti-cancer drugs has increased. Studies 
have shown that the combination of melatonin and pterostilbene 
promotes PARP activation in colorectal cancer cells [51] and 
inhibits ERK phosphorylation and induces HSP-27 
dephosphorylation when combined with cisplatin [52]. 

In addition, the millimolar concentration of melatonin 
lowered the S-phase population in colon cancer cells while 
decreasing the G2/M transition in osteosarcoma and leukemia 
cells without affecting cell survival. All of these findings 
demonstrate that the apoptotic effect varies based on the 
metabolic and differentiation levels of cancer cells [53, 54]. 

5. Conclusion 

Mitochondria plays a crucial  role in maintaining cellular 
equilibrium, including calcium balance and apoptosis, while 
providing essential functions such as supplying cells with 
chemical energy and power. The mitochondrial dysfunction 
caused by oxidative stress has led to the development of 
mitochondrial-targeted antioxidant systems. Melatonin, which 
is also produced by mitochondria, is one of these compounds. 
Diverse investigations have shown that it may reduce the harm 
that may arise from an increase in mitochondrial ROS 
production or an excessive increase in ROS. It has been 
demonstrated that melatonin is particularly powerful in 
combating oxidative stress; thus, its absorption or production by 
mitochondria makes it the most important participant when 
ROS levels rise. 

Melatonin's oncostatic effects in malignancies with the 
Warburg effect may be explained by its capacity to regulate 
glucose metabolism by transferring it primarily from the cytosol 
to the mitochondria. However, although there are studies that 
hypothetically explain its ability to change this situation, it is 
believed to have an effect with basically the same mechanism 
as anti-cancer agents. The use of melatonin should be explored 
if the impact of melatonin is significant at the mitochondrial 
level, if mitochondrial dysfunctions are improved, or if the 
energy mechanism works better for no apparent reason. 

Blockade of glycolysis metabolism is presently one of the 
most significant targets in anticancer investigations. Melatonin 
should be regarded as significant in this context due to its 
capacity to alter mitochondrial processes. Melatonin may also 
make apoptotic processes stronger because it controls the 
mitochondrial respiratory chain with mitochondrial apoptotic 
effectors and is involved in calcium release. 

This degree of interdependence between mitochondria 
and melatonin may allow the impact to be apparent in several 
cell types, including tumor cells. Depending on the kind and 
stage of cancer, it may exhibit varied mitochondrial features, 
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such as improving the efficiency of chemotherapy or 
minimizing its negative side effects  while opposing cell growth, 
apoptosis, or chemotherapy resistance. As a result, when 
evaluated together, melatonin acts as a versatile molecule in 
reducing ROS levels, improving mitochondrial energy 
mechanisms, and its effects on tumor cells, as well as its 
mechanism of action should be studied in depth, either alone or 
in combination with other agents in a variety of cancer types. 
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1. Introduction 

Solving complex management problems in the 
educational system is currently almost impossible without 
preliminary modeling of learning processes. Control problems 
as well as methods of mathematical modeling of learning 
processes have been studied in numerous works [1-4]. In these 
works, some aspects of the optimal management of educational 
processes in the university are considered. In particular, the 
development of an optimal curriculum begins with the creation 
of a model for managing the processes of interest. Generally, 
the parameters of the learning process are the degree of 
knowledge, the coefficients of forgetting, and residual 
knowledge. In those problems, simulation modeling methods 
are applied using the principle of a system approach of control 
theory [5-7]. Therefore, the development of mathematical 
models for solving problems of analysis and synthesis of the 
learning process is crucial. 

The organization of the distance learning process, 
including a set of organizational and methodological measures 
and the object of learning (or control), will be called a system. 
The management (organization) system is optimal when it has 
the best quality of the distance learning process in terms of its 
parameters, the degree of knowledge, the coefficients of 
forgetting, and residual knowledge, under given conditions and 
restrictions. The quality of such systems can be assessed by 
some optimality criterion 𝐽, considering the current level of 
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knowledge 𝑥(𝑛) (state) and effort cost (or management) for 
training 𝑔(𝑛) for some finite time interval [0, 𝑁]. 

Commonly, a finite-difference equation of the process of 
distance learning is known as a non-linear vector [8,9]. 
Restrictions on the control and state of the system are set. It is 
required to find a control vector (control algorithm) that 
transfers the control object from the initial state to the final 
state, keeps it in this final state, or changes it by the input signal 
while providing an extreme value of the optimality criterion 
[10,11]. The simulation is considered complete if the control 
algorithm is found as a function of the vector of state variables 
under known restrictions on the components of the control 
vector. The task of modeling an optimal system is to develop a 
system or control algorithm that minimizes some optimality 
criterion, considering the constraints on the control and state. 

2. Materials and Methods 

2.1 Statement of the problem 

Here, we study linear and discrete dynamical systems. Let 
us consider the application of the Z-transform for solving the 
problems of the analysis of such one-dimensional stationary 
systems. 

Let the process of distance learning of higher 
mathematics in the engineering discipline be described by an 
ordinary linear difference equation of the first order: 
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𝑥(𝑛 + 1) − (1 − 𝑎)𝑥(𝑛) = 𝑔(𝑛), (1) 

where 𝑥 ∈ [0,1]  is the degree of knowledge of elements of 
mathematics, 𝑎 ∈ [0,1] is the forgetting coefficient, 𝑔 ∈ [0,1] 
is the control of the learning process, and 𝑔(𝑛) = 𝜇(𝑛) + 𝑏 , 
where 𝜇(𝑛) ∈ [0,1] is the learning intensity, and 𝑏 ∈ [0,1]  is 
the coefficient of residual knowledge, 𝑛 ∈ [0, 𝑁]  is the current 
learning time. After applying transformations to equation (1), 
we obtain the equation in deviations as 

𝑥∗(𝑛) = 𝑥(𝑛) − 𝑞, (2) 

where 𝑞  is the desired level of knowledge. Note that equation 
(2) is valid for any 𝑛, including 𝑛 + 1. Analyzing this 
expression, it is easy to see that in the limit 𝑞 = 1 and as 𝑛 →

∞, 𝑥∗ → 0. 

However, such a requirement on the average can never be 
achieved. Optimal management (or organization of learning) 
can only provide the best approximation in some sense to the 
desired level. 

Considering these, the finite-difference equation of the 
learning process in (2) can bewritten in the following form: 

𝑥∗(𝑛 + 1) − (1 − 𝑎)𝑥∗(𝑛) = 𝑔(𝑛) − 𝑎𝑞. (3) 

  

It should be noted that the right side of equation (3) 
represents the optimal control of the learning process, i.e., 
𝑔∗(𝑛) = 𝑔(𝑛) − 𝑎𝑞. In addition, if we consider the equation in 
(3), the control of the learning process 𝑔(𝑛) is determined, 
respectively, through the intensity of learning 𝜇(𝑛) and the 
coefficient of residual knowledge b. We then obtain 

𝑥∗(𝑛 + 1) − (1 − 𝑎)𝑥∗(𝑛) = 𝜇(𝑛) + 𝑏 − 𝑎𝑞. (4) 

For further analysis, we require that the control delivers a 
minimum quadratic error with minimum training intensity. To 
solve this problem, we will use the method of variational 
calculus [5-9]. 

According to the principle of variation, the problem of 
finding the extreme values of a function in the presence of 
constraints in the form of equalities is solved by the method of 
indefinite Lagrange multipliers. In this case, the optimality 
criterion can be written as follows: 

𝐽𝑐 = ∑ 𝐹𝑐[𝑥(𝑛), 𝑔(𝑛)],
𝑁

𝑛
 (5) 

Where 

𝐹𝑐[𝑥(𝑛), 𝑔(𝑛)] =
1

2
[𝑥2(𝑛) + 𝑔2(𝑛)] + 𝜆(𝑛 + 1)[𝑥(𝑛 + 1) −

(1 − 𝑎)𝑥(𝑛) − 𝑔(𝑛)].  

As a result of the expansion of the function, 𝐹𝑐 in a Taylor 
series and limited to the first terms of the expansion, we will 
have [9]  

𝐹𝑐
∗(𝑛) =

1

2
[𝑥∗2(𝑛) + 𝑔∗2(𝑛)] + 𝜆∗(𝑛 + 1)[𝑥∗(𝑛 +

1) − (1 − 𝑎)𝑥∗(𝑛) − 𝑔∗(𝑛)],  
(6) 

and   

𝐹𝑐
∗(𝑛 − 1) =

1

2
[𝑥∗2(𝑛 − 1) + 𝑔∗2(𝑛 − 1)] +

𝜆∗(𝑛)[𝑥∗(𝑛) − (1 − 𝑎)𝑥∗(𝑛 − 1) − 𝑔∗(𝑛 − 1)].  
(7) 

Next, we define the discrete Euler-Lagrange equation for which 
the case under consideration has the form  

𝜕𝐹𝑐
∗(𝑛)

𝜕𝑥∗(𝑛)
+

𝜕𝐹𝑐
∗(𝑛−1)

𝜕𝑥∗(𝑛)
=

1

2
2𝑥∗(𝑛) − (1 − 𝑎)𝜆∗(𝑛 + 1) +

𝜆∗(𝑛) = 0,  

 

or  

𝑥∗(𝑛) − (1 − 𝑎)𝜆∗(𝑛 + 1) + 𝜆∗(𝑛) = 0. (8) 

In the next step, we obtain the process equation under optimum 
conditions. To do this, by differentiating expression (4) with 
respect to the Lagrange multiplier, we obtain 

𝜕𝐹𝑐
∗(𝑛)

𝜕𝜆∗(𝑛+1)
= 𝑥∗(𝑛 + 1) − (1 − 𝑎)𝑥∗(𝑛) − 𝑔∗(𝑛) = 0  (9) 

We also define the optimal control as follows:  

𝜕𝐹𝑐
∗(𝑛)

𝜕𝑔∗(𝑛)
= 𝑔∗(𝑛) − 𝜆∗(𝑛 + 1) = 0,  

where  

𝑔∗(𝑛) = 𝜆∗(𝑛 + 1). (10) 

Equation (8) means that to determine the optimal control, 
it is necessary to know the law of change in the Lagrange 
multiplier, 𝜆∗(𝑛 + 1) . Based on the joint solution of two first-
order difference equations (equations (6) and (7)) and 
considering the equation in (8), we can determine the Lagrange 
multiplier, 𝜆∗ (𝑛 + 1) . Since 𝑥(0)  and 𝑥(𝑁) are given, these 
values determine the boundary conditions for solving equations 
(6) and (7). The system of two difference equations has the 
form: 

{
(1 − 𝑎)𝜆∗(𝑛 + 1) − 𝜆∗(𝑛) − 𝑥∗(𝑛) = 0,

𝑥∗(𝑛 + 1) − 𝜆∗(𝑛 + 1) − (1 − 𝑎)𝑥∗(𝑛) = 0,
 (11) 

under boundary conditions 𝑥∗(0) and 𝑥∗(𝑁) . 

2.2. Solution of the equations of the optimal system by the 

z-transformation method 

We solve equations (11) by the z-transform method. Let's 
introduce the new notation: 𝑥∗ = 𝑥, 𝜆∗ = 𝑦. Then, equations 
(11) can be written as follows: 

{
(1 − 𝑎)𝑦(𝑛 + 1) − 𝑦(𝑛) − 𝑥(𝑛) = 0,

𝑥(𝑛 + 1) − 𝑦(𝑛 + 1) − (1 − 𝑎)𝑥(𝑛) = 0.
 (12) 

We apply z-transform to the equations in (12) using the 
time domain shift theorem: 
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{
(1 − 𝑎)[𝑧𝑌(𝑧) − 𝑦(0)] − 𝑌(𝑧) =  𝑋(𝑧),

𝑧𝑋(𝑧) − 𝑥(0) − (1 − 𝑎)𝑋(𝑧) = [𝑧𝑌(𝑧) − 𝑦(0)].
 (13) 

  

Given that 𝑥(0) = 1, we express (13) in its matrix form as: 

[
1 (1 + 𝑎𝑧 − 𝑧)

(𝑧 + 𝑎 − 1) −𝑧
] [

𝑋(𝑧)
𝑌(𝑧)

] = [
(𝑎 − 1)𝑦0

1 − 𝑦0
]. (14) 

Solving the matrix equation for X and Y, respectively, we will 
have 

𝑋(𝑧) =
(1 − 𝑎)𝑧 + 𝑦0 − 1

(1 − 𝑎)𝑧2 − (𝑎2 − 2𝑎 + 3)𝑧 + 1 − 𝑎
, (15a) 

and 

𝑌(𝑧) =
(𝑎 − 1)𝑦0𝑧 + (𝑎2 − 2𝑎 + 2)𝑦0 − 1

(1 − 𝑎)𝑧2 − (𝑎2 − 2𝑎 + 3)𝑧 + 1 − 𝑎
 (15b) 

Further, to simplify the analysis, let's assume that the forgetting 
coefficient a=0.4. Then, based on equations (15a) and (15b), we 
will have: 

𝑋(𝑧) =
0.6 𝑧 + 𝑦0 − 1

0.6 𝑧2 − 2.36𝑧 + 0.6
, (16a) 

and 

𝑌(𝑧) =
𝑦0𝑧−2.67𝑦0+1.67

𝑧2−3.933𝑧+1
. (16b) 

To obtain the originals (inverse transformations), we first 
decompose the equation (16a) and (16b) into the sum of the 
simplest terms as 

𝑋(𝑧) =
0.6 𝑧

0.6 𝑧2 − 2.36𝑧 + 0.6
+

𝑦0 − 1

0.6 𝑧2 − 2.36𝑧 + 0.6
, (17a) 

and    

𝑌(𝑧) =
𝑦0𝑧

𝑧2 − 3.933𝑧 + 1
−

2.67𝑦0 − 1.67

𝑧2 − 3.933𝑧 + 1
. (17b) 

 

First, the denominators of all expansion terms must be 
linear in the form of +𝑝𝑖 , where 𝑝𝑖 is a real non-positive root 
of the denominator of the equations (17a) or (17b). Thus, 
having performed the inverse z-transformation for the equations 
(17a) and (17b), we obtain the original function for them in the 
following form, respectively: 

𝑥∗(𝑛) = 1.081 ∗ 3.66𝑛 − 0.0807 ∗ 0.2732𝑛 + (𝑦0 −
1) ∗ 0.4921 ∗ (3.66𝑛 − 0.2732𝑛),  

(18a) 

𝑦∗(𝑛) = 𝑦0 ∗ (1.0807 ∗ 3.66𝑛 − 0.0807 ∗
0.2732𝑛) − (2.67𝑦0 − 1) ∗ 0.2953 ∗ (3.66𝑛 −
0.2732𝑛). 

(18b) 

Based on the equations above, to solve the problem, we 
need to determine the initial condition and the law of optimal 

control. Let, for concreteness, the final error 𝑥(𝑁) = 𝑥(10) =

0. Under these assumptions, using equation (18a), we can find 
the initial value of y0. Thus, we will have 

𝑥|𝑁=10
∗ (𝑛) = 1.081 ∗ 3.6610 − 0.0807 ∗ 0.273210 +

(𝑦0 − 1) ∗ 0.4921 ∗ 3.6610 = 0.  
(19) 

Further, from the equation in (19) for the initial value 𝑦0, we 
obtain 

𝑦0 = 𝜆∗(0) = −1.1967 

Substituting this initial value into (18a), we find the optimal 
trajectory as 

𝑋∗(𝑛) = 0.2732𝑛 (20) 

 

As shown above, the optimal control is then described by the 
relation 

𝑔∗(𝑛) = 𝜆∗(𝑛 + 1), 

where, 𝜆∗(𝑛 + 1) satisfies equation (18b), which is valid for 
any 𝑛, including 𝑛 + 1 .  Therefore, substituting it into (18b), 
we obtain 

𝑦0 = 𝜆∗(0) = −1.1967, 

and after performing simple arithmetic transformations, we get 

𝑦∗(𝑛) = 𝜆∗(𝑛) = −1.1967 ∗ 0.2732n. 

Further in this expression, replacing 𝑛  with 𝑛 + 1, we will have 

𝜆∗(𝑛 + 1) = −1.1967 ∗ 0.2732𝑛+1 = −0.3269 ∗ 0.2732𝑛. 

The resulting expression allows us to have the control law for 
the distance learning system in a closed form: 

𝑔∗(𝑛) = 𝜆∗(𝑛 + 1) = −0.3269 ∗ 0.2732𝑛 , 

or 

𝑔∗(𝑛) = −0.3269 ∗ 𝑥∗(𝑛)  = −𝐶 ∗ 𝑥∗(𝑛),          (21) 

where  𝐶 = 0.3269. 

Thus, the task of modeling optimal control has been solved. 

3. Results & Discussion 

For clarity of the obtained results of the task, Fig. 1 shows 
the simulation scheme of the optimal system in 
MATLAB/Simulink. Based on this scheme, the change in the 
intensity of learning, as well as the change in the degree of 
knowledge, for the optimal system are shown in Fig. 2 and Fig. 
3, respectively. 

In MATLAB/Simulink, the change curve of the degree of 
information determined for the simulation circuit with the same 
parameters as the optimum system but not optimal is shown in 
Figure 4. 

Comparison of the results shows that by increasing the 
intensity of training (management), the degree of knowledge of 
the elements of the discipline increases from 0.16 (in the 
original non-optimal system) to ~ 0.46 (in the optimal system).
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Fig 1. Optimal System Modeling Scheme. Fig 2. Changing the intensity of the learning (management). 

  

Fig 3. Changing the degree of knowledge (state) in the optimal 
system. 

Fig 4. Changing the degree of knowledge in a non-optimal 
system. 

 

4. Conclusion 

In this paper, the problem of modelling the optimal 
control system for distance learning is formulated. Using the 
method of indefinite Lagrange multipliers, a system of finite-
difference equations for determining the law of optimal control 
is obtained and its solution is found using the Z-transform. 

Under the proposed optimal system, the implementations 
performed in MATLAB/Simulink show the advantage of the 
optimal system over the non-optimal one. 
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 Navier solution presented for bending, buckling, and free vibration of simply supported functionally graded 
nanobeams based on generalized shear deformation theory. The results are obtained for parabolic shear 
deformation theory corresponding to Reddy beam theory using nonlocal differential constitutive equations 
which were formulated by Eringen [1,2,3]. The material properties of the functionally graded nanobeam 
vary through the thickness direction according to a simple power law. Effects of the nonlocal parameter, 
different material composition and length-to-thickness ratio on the maximum deflection, critical buckling 
load, and natural frequencies of the nanobeam are investigated. The results show that the scale effects, 
material composition, and dimensional changes are affected by considered parameters. Nonlocal elasticity 
theory predicts softening material behavior compared to classical elasticity theory because it takes into 
account the effects of long-range interactions between material particles. As a result of this, the maximum 
deflections, critical buckling loads, and natural frequencies obtained by the classical theory are higher than 
obtained by the nonlocal theory in all considered conditions. 
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1. Introduction 

Classical elasticity assumes that the stress at a point 
depends only on the local deformation of the material. 
However, nonlocal elasticity accepts that the stress at a point 
also depends on the deformation of neighboring points, which 
are weighted according to a nonlocal kernel function unlike 
classical elasticity [1,2,3]. The non-local approach is 
particularly useful for modeling materials with non-local 
effects, such as nanomaterials and biological tissues, where the 
interactions between particles are not limited to the immediate 
vicinity of a point, but can also be an effective approach for 
wave propagation, fracture behavior, and stability of structures. 
Nonlocal elasticity has been applied in a variety of fields, 
including materials mechanics, structural engineering, and 
biomechanics, although its formulation is more complex than 
classical elasticity and requires numerical techniques to solve 
governing equations. 

There are many presented analytical solutions on the 
mechanical behavior of nanobeams such as bending, buckling, 
and vibration based on Euler-Bernoulli beam theory and 
Timoshenko beam theory, which in the framework of nonlocal 
constitutive relation proposed by Eringen. Reddy [4] presented 
an analytical solution of bending, buckling, and vibration of 
nanobeams using various beam theories including the Euler-
Bernoulli, Timoshenko, Reddy, and Levinson beam theories 
based on the nonlocal elasticity. Thai [5] proposed a nonlocal 
shear deformation theory for bending, buckling, and vibration 
of nanobeams using the nonlocal differential constitutive 
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relations of Eringen. According to the theory, shear strains and 
consequently shear stresses vary quadratically through the 
thickness. The Euler-Bernoulli, Timoshenko, Reddy, Levinson, 
and Aydogdu beam theories are used as a special case by 
Aydogdu [6] on bending, buckling, and vibration of 
nanobeams. Ghannadpour et al. [7] investigated bending, 
buckling, and vibration based on nonlocal Euler-Bernoulli 
beam theory using Ritz method. Wang et al. [8] concerned with 
the bending problem of micro- and nanobeams based on the 
Eringen nonlocal elasticity theory and Timoshenko beam 
theory. Lu et al. [9] used nonlocal Euler-Bernoulli beam theory 
for vibration analysis of nanobeams.  

Li et al. [10] considered the free vibration of nonlocal 
Euler and Timoshenko beams. It was provided a novel 
explanation for the stiffening phenomenon of nonlocal 
cantilever beams, clarified the effects of local and nonlocal 
boundary conditions on the free vibration, and revealed the 
effects of different constitutive relations for nonlocal 
Timoshenko beams. Wang et al. [11] concerned with the free 
vibration problem for micro/nanobeams modeled after 
Eringen’s nonlocal elasticity theory and Timoshenko beam 

theory. 

Thai and Vo [12] used a sinusoidal shear deformation 
beam theory which is capable of capturing both small-scale 
effect and transverse shear deformation effects of nanobeams, 
and does not require shear correction factors for the bending, 
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buckling, and vibration of nanobeams. Eltaher et al. [13] used 
an efficient finite element model for dynamic characteristics 
analysis of a nonlocal Euler–Bernoulli nanobeam. Roque et al. 
[14] used the nonlocal elasticity theory of Eringen to study 
bending, buckling, and free vibration of Timoshenko 
nanobeams. A meshless method was presented to obtain 
numerical solutions. 

 

Functionally graded materials (FGMs) are a class of 
engineered materials that are designed to have spatial variations 
in their composition and/or microstructure to achieve specific 
mechanical, thermal, electrical, or other properties. Unlike 
traditional materials, which have uniform properties throughout 
their volume, FGMs exhibit a gradual or abrupt transition in 
their properties along one or more directions [15]. The concept 
of FGM was first developed by Japanese researchers in the 
1980s as materials capable of withstanding the extreme 
temperature changes were encountered in aerospace 
applications but has since found a wide range of applications in 
fields such as aerospace, energy, biomedical engineering, and 
materials science. While FGMs can be designed to exhibit a 
variety of property gradients, such as variations in composition, 
porosity, grain size, and fiber orientation, the composition 
gradient is the most common type of gradient. The composition 
gradient involves a gradual change in the type or concentration 
of one or more constituents of the material as in the example of 
a metal-ceramic FGM which has a gradient in the concentration 
of ceramic particles increasing from one end of the material to 
the other. 

 

Although the design and fabrication of FGMs can be 
challenging and require advanced materials processing 
techniques, they have a wide range of potential application 
areas due to their several advantages over traditional 
homogeneous materials, such as improved fracture resistance, 
reduced stress concentration, and enhanced thermal shock 
resistance. FGM structures which can be designed and 
optimized for specific applications by tailoring their 
composition and properties have a wide range of applications 
such as aircraft and spacecraft components, missile 
components, armor plating, dental implants, prosthetics, bone 
grafts, fuel cells and batteries, heat sinks and heat exchangers, 
bridges, buildings, and other civil engineering structures. 

 

There are many studies in the literature dealing with 
bending, buckling, and free vibration of functionally graded 
beams [16-29]. With this, bending, buckling, and free vibration 
are important mechanical behaviors that need to be analyzed in 
order to design and optimize functionally graded nanobeam 
structures for various nano applications. Eltaher et al. [30] 
presented a free vibration analysis of functionally graded size-
dependent nanobeams using a finite element method based on 
nonlocal Euler-Bernoulli beam theory. Simsek and Yurtcu [31] 
investigated static bending under uniformly distributed load 
and buckling analysis of functionally graded nanobeams based 
on nonlocal Timoshenko beam theory that first-order shear 
deformation theory. Buckling results and vibration results of 

functionally graded nanobeams based on Reddy theory were 
presented by Rahmani and Jandaghian [32] and Ebrahimi and 
Barati [33], respectively. Explicit analytical equations for the 
vibration of a bidirectional functionally graded nonlocal 
nanobeam are presented by Nazmul et al. [34]. 

 

However, it is seen that the effect of Poisson ratio was not 
taken into account in these studies on functionally graded 
nanobeams. However, the Poisson ratio is a measure of the 
deformation of a material in response to an applied force. It is 
defined as the ratio of the lateral strain to the longitudinal strain 
in a material when it is stretched or compressed. In other words, 
it is a measure of how much a material will shrink or expand 
perpendicular to the direction of an applied force. The value of 
Poisson’s ratio is an important factor in determining the 

mechanical behavior of materials under stress, as it affects their 
elastic modulus, shear modulus, and other mechanical 
properties. It becomes even more important to consider the 
effect of Poisson ratio in functionally graded materials where 
mechanical properties such as elastic modulus, density, and 
Poisson ratio vary across thickness. The static bending, the 
buckling, and the free vibration of the functionally graded 
nanobeam with the effect of Poisson's ratio taken into account 
is the subject of this paper. In this study, the generalized shear 
deformation theory with the shape function corresponding to 
the Reddy theory is used based on the nonlocal elasticity theory. 
The material properties of the functionally graded nanobeam 
assumed to vary in the thickness direction. The Navier-type 
solution is used for simply-supported boundary conditions, and 
exact formulas are proposed for the maximum deflections, the 
critical buckling load, and the natural frequencies. The effects 
of the nonlocal parameter ((e0a)2), the material composition (p 
index), and the length-to-thickness ratio (L/h) on the static, the 
stability and free vibration responses of the functionally graded 
nanobeam are discussed. 

2. Theoretical formulations 

2.1 Nonlocal elasticity theory 

According to nonlocal elasticity theory, different from the 
classical elasticity theory, the stress field at a point x in an 
elastic continuum not only depends on the strain field at the 
same point but also on strains at all other points of the body. As 
a result of this, in classical elasticity theory, the behavior of a 
material is described purely in terms of its local properties, such 
as its stiffness and strength. However, in nonlocal elasticity 
theory, the behavior of a material is also affected by the 
material's microstructure, such as the size and shape of its 
particles. Nonlocal elasticity theory introduces a length scale 
parameter known as the nonlocal parameter, which is related to 
the material's microstructure. The presence of this length scale 
parameter causes the stress and strain in a material to be more 
distributed over a larger area, which leads to a reduction in the 
overall stiffness of the material. This effect is particularly 
pronounced in materials with a high surface area-to-volume 
ratio, such as nanomaterials. Therefore, nonlocal elasticity 
theory predicts that the material will be less stiff and less 
resistant to deformation than classical elasticity theory. In other 
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words, the material will exhibit a softer response to external 
loads. 

The nonlocal stress tensor σ at point x is defined as follows: 

σ(x) = ∫ α(|x′ − x|, τ)t(x′)dv(x′)
v

 (1) 

t(x) = C(x): ε(x) (2) 

where t(x՛) is the classical, macroscopic stress tensor at 
point x, α(|x՛-x|,τ) is the Kernel function and τ is the material 

constant which depends on a constant appropriate to each 
material (e0), internal characteristic (a) such as lattice 
parameter, granular distance and external characteristic length 
(l) such as crack length, wavelength. With the reduced and 
simplified differential form of Eq. (1) and using Eq. (2) the 
relationship between classical, macroscopic stress tensor t and 
nonlocal stress tensor σ is given by Laplacian operator 𝛻 as 
follows: 

(1 − τ2l2∇2)σ = C(x): ε(x)                                 τ =
e0a

l
 (3) 

It is seen that when the internal characteristic length a is 
zero, nonlocal elasticity corresponds to classical elasticity. 

2.2 Governing equations of functionally graded nanobeams 

The considered functionally graded nanobeam is a 
straight prismatic beam with length L along the x-axis and 
thickness h along the z-axis. The governing equations in terms 
of reduced stiffness coefficients, including Poisson's ratio 
effects, are as follows: 

(1 − (e0a)2
d2

dx2
)σx = Q11εx  

(1 − (e0a)2
d2

dx2
)τxz = Q55γxz (4) 

Where Qij are the reduced stiffness coefficients defined 
according to FGMs as follows: 

Q11 =
E(z)

1 − ν(z)2
 ,             Q55 =

E(z)

2(1 + ν(z))
   (5)  

 

The displacement model of the beam defined according 
to the generalized shear deformation theory, as the axial 
displacement defined at any point, w1 and the vertical 
displacement w3 are as follows: 

w1 = u(x; t) − z
∂w

∂x
+ f(z)u1(x; t)  

w2 = 0  

w3 = w(x; t) (6) 

where u and w are the displacement components of a point on 
the mid-plane of the beam along the x- and z- axis, respectively. 
And f(z) is the transverse shear shape function which 
determines the distribution of the transverse shear strains and 
stresses throughout the beam thickness. Frequently used shape 
functions and derivatives along with their corresponding 
theories are given in Table 1 and illustrated in Fig.1. 

Table 1. The mostly used transverse shape functions and 
derivatives along with their corresponding theories.  

Shape function  Derivative of shape 

function 

Corresponding 

theory 

𝐟(𝐳) = 𝟎  df

dz
= 0  Euler-Berrnoulli 

beam theory 

(EBT) 

𝐟(𝐳) = 𝐳   df

dz
= 1  Timoshenko beam 

theory (TBT) 

𝐟(𝐳) = 𝐳 (𝟏 −

𝟒𝐳𝟐

𝟑𝐡𝟐
)     

df

dz
= 1 −

4z2

h2
    Reddy beam 

theory (RBT) 

𝐟(𝐳) = 𝐳𝟑
−𝟐(𝐳/𝐡)𝟐

𝐥𝐧𝟑         
df

dz
= 3

−2(z/h)2

ln3 (1 −
4z2

h2
)    Aydogdu beam 

theory (ABT) 

 

  

Fig 1. Variation of the frequently used (a) transverse shape functions and (b) derivatives along with their corresponding theories 
throughout the thickness coordinate.     
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The strain components in terms of the displacement 
components are as follows:   

εx =
∂u

∂x
− z

∂2w

∂x2
+ f(z)

∂u1

∂x
   

γxz =
df

dz
u1 (7) 

The internal force and moment resultants are as follows:  

(Nx
c, Mx

c) = ∫ σx(1, z)dz
h/2

−h/2

 
 

Mx
sd = ∫ σxf(z)dz

h/2

−h/2

 
 

Qx
sd = ∫ τxz(

df

dz
)dz

h/2

−h/2
   (8) 

The constitutive relations are as follows: 

{

Nx
c

Mx
c

Mx
sd

} = [
A11 B11 E11

B11 D11 F11

E11 F11 H11

] {

u,x
−w,xx

u1 ,x
}  

{Qx
sd} = [A55]{u1} (9) 

The extensional, coupling, bending, and transverse shear 
rigidities are as follows: 

(A11 , B11 , D11) = ∫ Q11(1, z, z2)dz
h/2

−h/2

  

(E11, F11 , H11) = ∫ Q11f(z)(1, z, f(z))dz
h/2

−h/2

  

A55 = ∫ Q55(
df

dz
)2dz

h/2

−h/2

 (10) 

The governing equations of nanobeam obtained using principle 
of virtual work are as follows: 

∂Nx
c

∂x
= (1 − (e0a)2 ∂2

∂x2
) (ρ0

∂2u

∂t2
− ρ1

∂3w

∂x ∂t2
+ ρ01

∂2u1

∂t2
)   

∂2Mx
c

∂x2
= (1 − (e0a)2 ∂2

∂x2
) (ρ0

∂2w

∂t2
+ ρ1

∂3u

∂x ∂t2
−

ρ2
∂4w

∂x2 ∂t2
+ ρ11

∂3u1

∂x ∂t2
− Nx

e ∂2w

∂x2
− q(x; t))  

 

∂Mx
sd

∂x
− Qx

sd = (1 − (e0a)2 ∂2

∂x2
) (ρ01

∂2u

∂t2
− ρ11

∂3w

∂x ∂t2
+

ρ02
∂2u1

∂t2
)  

(11) 

Where inertia terms are as follows: 

ρi = ∫ ρ(z)zidz
h/2

−h/2
                  (i=0,1,2)  

ρjm = ∫ ρ(z)zjfj
mdz

h/2

−h/2
     (j=0,1 ; m=1,2) (12) 

Where ρ is the mass per unit volume. 

2.3.  Functionally graded materials 

The considered structural element is a straight prismatic 
functionally graded nanobeam having length L along the x-axis 
and thickness h along the z-axis. Effective material properties 
elasticity modulus (E), Poisson ratio (υ) and mass density (ρ) 

are varying in the thickness direction according to a simple 
power law distribution defined as follows: 

Peff = VUPU + VLPL  

VU + VL = 1  

VU = (
z

h
+

1

2
)

pz

  

Peff = (
z

h
+

1

2
)

pz

PU + (1 − (
z

h
+

1

2
)

pz

)PL (13) 

where Peff corresponding to the effective material 
property, the subscript U and L corresponding to the material 
property of the upper and lower surface, respectively. In this 
study upper surface material ceramic rich and lower surface 
material metal rich are preferred. Variation of the volume 
fraction VU through the thickness direction of the functionally 
graded nanobeam is given in Fig.2 where VU is the volume 
fraction of the ceramic; and pz is the volume fraction exponent, 
0≤pz≤∞. Different value of the volume fraction of VU 

corresponds to different distribution of material composition on 
functionally graded nanobeam: e.g. if that value is 0, material 
of the nanobeam is ceramic; if that value is 1, the variation of 
the volume fraction of the ceramic is linear from lower surface 
to upper surface. If the ceramic volume ratio is different from 0 
and 1, variation of the material composition is nonlinear. 

 

Fig.2. Variation of the volume fraction VU (ceramic 
component) through the thickness direction of the 
functionally graded nanobeam. 
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2.4 Analytical solution for bending, buckling, and free 

vibration of simply supported functionally graded 

nanobeam 

In this study Navier method is applied for static bending, 
buckling, and free vibration problem of functionally graded 
nanobeam. The sets of boundary conditions of the beam at x=0, 
L are as follows: 

either u or Nx
c = N̅x  

either w or Mx,x
c = Q̅x  

either w_x or Mx
c = M̅x  

either 𝑢1 or Mx
a = M̅x

a  (14) 

where N̅x, Q̅x, M̅x, M̅x
a are corresponding to prescribed force 

and moment resultants acting on the beam boundaries. 

The simply supported boundary conditions of nanobeam are as 
follows: 

Nx
c = w = Mx

c = Mx
a = 0 (15) 

The nanobeam equations given by Eq.(11) are organized 
as the external force (Nxe) term, and time dependent terms are 
zero on bending problem. Similarly the equations are organized 
as the time dependent terms and transverse load (q(x;t)) term 
are zero on buckling problem. Similarly the equations are 
organized as the external force (Nxe) term and transverse load 
(q(x;t)) term are zero on free vibration problem. 

The kinematic components that provide the simply 
supported boundary condition in the bending and buckling 
analysis of the nanobeam examined are as follows: 

u(x) = Amcos
mπx

L
        

w(x) = Cmsin
mπx

L
   

Lu1(x) = Dmcos
mπx

L
 (16) 

where u and w are the displacement components of a point in 
the midplane in the x and z directions; and u1 is the 
displacement components showing effects of vertical shear 
strains in the midplane. For bending analysis, the transverse 
load that provides the simply supported boundary condition is 
defined in the Fourier series form as follows: 

q(x) = ∑ Qmsin
mπx

L
M
m=1      

Qm =
2

L
∫ q(x)sin

mπx

L
dx

L

0

 (17) 

Considered two types of loading that one of uniformly 
distributed load and one of point load condition in bending 
analysis are defined as follows:   

Uniformly distributed load; 

 q(x) = q0 , Qm =
4q0

mπ
(−1)m−1 , (m = 1,3,5, … ),

Qm = 0     (m = 2,4,6, … )  
(18) 

Point load applied to point x0 from x=0 to L: 

q(x) = q0 ,      Qm =
2q0

L
sin

mπx0

L
,     (m = 1,2,3, … ) (19) 

Firstly by substituting of the expansions Eq.(16) and 
Eq.(17) into Eq.(11) and then by applying non-
dimensionalization procedure, max deflection is 
obtained. 

For buckling analysis, the external in-plane uniaxial 
compression load is defined as follows: 

Nx
e = −N0 (20) 

Firstly by substituting of the Eq.(16) and Eq.(20) into 
Eq.(11) and then by applying non-dimensionalization 
procedure critical buckling load is obtained. 

The kinematic components that provide the simply 
supported boundary condition in the free vibration 
analysis of the nanobeam examined in the xz-plane are as 
follows: 

u(x) = Amcos
mπx

L
sinωt  

w(x) = Cmsin
mπx

L
sinωt  

Lu1(x) = Dmcos
mπx

L
sinωt (21) 

Firstly by substituting of the Eq.(21) into Eq.(11) and 
then by applying non-dimensionalization procedure an 
eigenvalue problem in matrix form is obtained as 
follows: 

[Kij − Ω2Mij] {
Am

Cm

Dm

} = {0} (22) 

where Ω is the frequency parameter corresponding to 
ρcω2 and ρc represent mass density of ceramic component of the 
functionally graded material. The solution of the eigenvalue 
problem given by Eq.(22) gives the natural frequencies of the 
nanobeam. 

3. Numerical results 

The static bending, axial buckling, and free vibration 
analyses are carried out for functionally graded nanobeams 
whose material properties vary through the thickness direction 
according to a simple power rule. The solutions are obtained by 
the Navier method and hence for the simply supported 
boundary condition. The material properties considered in this 
study are given in Table 2.    

Non-dimensionalization terms are used in the study as follows: 

Uniformly distributed load; 
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w̅ =
100EcD0

q0L4
w       (D0 =

Ech3

12(1−νc
2)

) (23) 

Table 2. Mechanical properties of component materials of 
functionally graded material which are considered in the study. 

Component 

Material 

Elasticity 

Modulus (GPa) 

Poisson 

Ratio 

Mass Density 

(kg/m3) 

SUS304 

(Metal) 
201.04 0.3262 8166 

Si3N4 

(Ceramic) 
348.43 0.2400 2370 

 

Point load applied to point x0 from x=0 to L: 

 w̅ =
D0

q0L3
w (24) 

 

Critical buckling load: 

N̅ =
N0L2

D0
 

(25) 

 

Natural frequency parameter: 

Δ = ωL2√
ρc

D0
 (26) 

  

The thickness (h) of functionally graded nanobeam is 1 
nm. Effects of the nonlocal parameter ((e0a)2), different 
material composition (pz) and the beam geometry (length-to-
thickness) on the bending, buckling, and vibration are 
investigated.  

  

The comparison results for bending, buckling, and 
vibration are given in Table 3-7. The results obtained in this 
study are quite self-consistent among themselves. In addition, 
although a good agreement is observed in the comparison 
results, it is also seen that there are some differences between 
them. Although both of the generalized shear deformation 
theory and the Reddy theory are higher-order beam theories that 
take into account the effect of transverse shear deformation, 
which is neglected in classical beam theories. In this study, in-
plane displacement components are also taken into account, 
leading to some differences between the results. However, the 
effect of Poisson's ratio on the mechanical behavior of beams is 
particularly significant in cases where the beam is subjected to 
out-of-plane deformation such as bending. In such cases, the 
beam experiences both tensile and compressive stresses along 
its length, as well as shear stresses across its cross-section. 
Poisson's ratio plays a crucial role in determining the 
deformation of the beam under these complex loading 
conditions. As it is seen in comparison results, considering the 
Poisson ratio in case of axial stress also affects the results. 
Because when the effect of Poisson's ratio is taken into account, 
the material exhibits a more rigid behavior. As a result, in the 

results obtained by considering the Poisson ratio, the bending 
deformation takes smaller values, while the critical buckling 
load and natural frequencies take larger values. 

Table 3. Comparison of non-dimensional maximum center 
deflection of nanobeam under uniformly distributed load, 
(υ=0.3, w̅ =

100EI

q0L4
w, q0=1 ). 

(e0a)2 L/h=10 L/h=100 

Ref. 
[5] 

Present 
(without 
ν) 

Present 
(with ν) 

Ref. [5] 
Present 
(without 
ν) 

Present 
(with ν) 

0 1.3346 1.3059 1.1913 1.3024 1.2735 1.1589 
1 1.4622 1.4347 1.3088 1.4274 1.3992 1.2733 
2 1.5898 1.5636 1.4264 1.5525 1.5249 1.3877 
3 1.7174 1.6925 1.5440 1.6775 1.6506 1.5021 
4 1.8450 1.8214 1.6616 1.8025 1.7763 1.6165 

 

 

Table 4. Comparison of non-dimensional maximum center 
deflection of nanobeam under point load at center, (υ=0.3, w̅ =
100EI

q0L3
w, q0=1). 

 

Table 5. Comparison of non-dimensional critical buckling load 

under uniaxial compression load, (υ=0.3, N̅ =
N0L2

EI
 ). 

(e0a)2 

L/h=10 L/h=100 

Ref. [4]  Present 
(without ν) 

Present 
(with ν) 

Ref. [4]  Present 
(without ν) 

Present 
(with ν) 

0 9.6228 9.6226 10.5483 9.8671 9.8670 10.8425 

1 8.7583 8.7582 9.6007 8.9807 8.9806 9.8686 

2 8.0364 8.0363 8.8093 8.2405 8.2404 9.0551 

3 7.4245 7.4244 8.1385 7.6130 7.6129 8.3656 

4 6.8991 6.8990 7.5626 7.0743 7.0742 7.7736 

Table 6. Comparison of non-dimensional fundamental 

frequencies, (υ=0.3, Δ = ωL2√
ρ

EI
). 

(e0a)2 

L/h=10 L/h=100 

Ref. [5]  Present 
(without ν) 

Present 
(with ν) Ref. [5]  Present 

(without ν) 
Present 
(with ν) 

0 9.7075 9.7071 10.1634 9.8679 9.8679 10.3442 

1 9.2612 9.2608 9.6961 9.4143 9.4142 9.8687 

2 8.8714 8.8709 9.2879 9.0180 9.0179 9.4532 

3 8.5269 8.5265 8.9273 8.6678 8.6677 9.0861 

4 8.2197 8.2193 8.6057 8.3555 8.3554 8.7588 

(e0a)2 

L/h=10 L/h=100 

Ref. 
[4] 

Present 
(without ν) 

Present 
(with ν) 

Ref. [4] Present 
(without ν) 

Present 
(with ν) 

0 1.9878 2.0513 1.8713 1.9449 2.0005 1.8205 

1 2.1564 2.2537 2.0560 2.1115 2.1979 2.0002 

2 2.3250 2.4562 2.2406 2.2782 2.3954 2.1798 
3 2.4936 2.6586 2.4253 2.4448 2.5928 2.3595 
4 2.6623 2.8611 2.6100 2.6115 2.7903 2.5392 
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Table 7. Comparison of first three non-dimensional 

fundamental frequencies, (L/h=5, υ=0.3,           Δ = ωL2√
ρ

EI
). 

Modes (e0a)2 Ref. [5] 

Present 

(without 

ν) 

Present 

(with ν) 

1 0 9.2745 9.2690 9.6740 
 1 8.8482 8.8429 9.2293 
 2 8.4757 8.4706 8.8407 
 3 8.1466 8.1417 8.4975 
 4 7.8530 7.8484 8.1913 
     

2 0 32.1847 31.9441 33.0538 
 1 27.2519 27.0481 27.9878 
 2 24.0589 23.8790 24.7086 
 3 21.7765 21.6137 22.3646 
 4 20.0407 19.8908 20.5818 
     

3 0 61.5746 59.8105 61.3641 
 1 44.8095 43.5257 44.6563 
 2 36.9531 35.8943 36.8267 
 3 32.1645 31.2430 32.0545 
 4 28.8569 28.0301 28.7582 

Table 8 and Table 9 show that the results of bending 
analysis of functionally graded nanobeam under uniformly 

distributed load and point load respectively. In all considered 
conditions in terms of material composition or geometry, 
maximum deflection increased with increasing nonlocal 
parameter value. This result confirms the nonlocal elasticity 
behavior of the considered material. The volume ratio exponent 
pz determines the rate of change of the ceramic volume fraction 
from the lower surface to the upper surface; and as the pz value 
increases, the ceramic volume ratio decreases, and the metal 
volume ratio increases. As a result, it can be said that the 
maximum deflection increases with increasing pz value and 
therefore with increasing metal volume ratio. From the 
geometric point of view, the maximum deflection value 
decreases with the increase of L/h value; that is, the decrease in 
nanobeam thickness, in both loading conditions. However, in 
terms of all parameters examined, the beam with at least L/h=50 
ratio is affected by all variation amounts. 

According to the buckling results given in Table 10, the 
critical buckling load decreases as the pz value and the nonlocal 
parameter value increase, so the material becomes softer. And, 
as the value of L/h increases, it increases; that is, the strength of 
the material against buckling increases. 

The free vibration results for first three natural 
frequencies are presented in Table 11-Table 13. The natural 
frequencies decrease as the pz value and the nonlocal parameter 
value increase, but increase as the L/h value increases, similar 
to the buckling results. However, unlike the buckling results, 
vibration frequencies are less affected by the change of 
parameters. It can be thought that the reason for this is not an 
applied external force. 

 

Table 8. Non-dimensional maximum center deflection under uniformly distributed load. 

L/h (e0a)2 
Volume fraction exponent pz 

0 0.2 0.5 1 2 5 10 

10 

0 1.3063 1.4217 1.5418 1.6552 1.7496 1.8455 1.9260 

1 1.4352 1.5620 1.6940 1.8186 1.9223 2.0276 2.1160 

2 1.5641 1.7023 1.8461 1.9820 2.0949 2.2098 2.3061 

3 1.6930 1.8427 1.9983 2.1453 2.2676 2.3919 2.4962 

4 1.8220 1.9830 2.1505 2.3087 2.4403 2.5741 2.6863 

         

20 

0 1.2815 1.3949 1.5126 1.6227 1.7126 1.8031 1.8816 

1 1.4079 1.5326 1.6619 1.7829 1.8816 1.9810 2.0673 

2 1.5344 1.6703 1.8111 1.9431 2.0507 2.1590 2.2530 

3 1.6609 1.8080 1.9604 2.1032 2.2197 2.3370 2.4387 

4 1.7874 1.9457 2.1097 2.2634 2.3887 2.5149 2.6244 

         

50 

0 1.2745 1.3875 1.5044 1.6136 1.7023 1.7912 1.8691 

1 1.4003 1.5244 1.6529 1.7729 1.8703 1.9680 2.0536 

2 1.5261 1.6613 1.8013 1.9322 2.0383 2.1448 2.2381 

3 1.6519 1.7983 1.9498 2.0914 2.2063 2.3216 2.4226 

4 1.7777 1.9352 2.0983 2.2507 2.3743 2.4983 2.6070 
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Table 9. Non-dimensional maximum deflection under point load at center. 

 

Table 10. Non-dimensional critical buckling load under uniaxial compression load. 

 

L/h (e0a)2 
Volume fraction exponent pz 

0 0.2 0.5 1 2 5 10 

10 

0 2.0519 2.2332 2.4219 2.6001 2.7482 2.8989 3.0253 

1 2.2544 2.4536 2.6609 2.8567 3.0195 3.1850 3.3239 

2 2.4569 2.6740 2.8999 3.1133 3.2907 3.4712 3.6225 

3 2.6594 2.8945 3.1390 3.3699 3.5620 3.7573 3.9211 

4 2.8620 3.1149 3.3780 3.6265 3.8332 4.0434 4.2197 

         

20 

0 2.0129 2.1912 2.3760 2.5490 2.6902 2.8323 2.9556 

1 2.2116 2.4075 2.6105 2.8006 2.9557 3.1118 3.2473 

2 2.4103 2.6237 2.8450 3.0522 3.2212 3.3914 3.5390 

3 2.6090 2.8400 3.0795 3.3038 3.4867 3.6709 3.8307 

4 2.8076 3.0563 3.3140 3.5553 3.7523 3.9505 4.1224 

         

50 

0 2.0020 2.1794 2.3631 2.5347 2.6739 2.8136 2.9360 

1 2.1996 2.3945 2.5963 2.7849 2.9378 3.0913 3.2258 

2 2.3972 2.6096 2.8296 3.0351 3.2018 3.3690 3.5156 

3 2.5948 2.8247 3.0628 3.2852 3.4657 3.6467 3.8054 

4 2.7924 3.0399 3.2960 3.5354 3.7296 3.9244 4.0952 

L/h (e0a)2 
Volume fraction exponent pz 

0 0.2 0.5 1 2 5 10 

10 

0 9.6197 8.8387 8.1502 7.5916 7.1823 6.8090 6.5245 

1 8.7556 8.0447 7.4180 6.9097 6.5371 6.1973 5.9384 

2 8.0339 7.3816 6.8066 6.3401 5.9983 5.6865 5.4489 

3 7.4221 6.8195 6.2883 5.8573 5.5415 5.2535 5.0340 

4 6.8969 6.3369 5.8433 5.4429 5.1494 4.8817 4.6778 

         

20 

0 9.8058 9.0081 8.3076 7.7436 7.3373 6.9692 6.6785 

1 8.9250 8.1989 7.5614 7.0480 6.6782 6.3431 6.0785 

2 98.1893 7.5231 6.9381 6.4671 6.1277 5.8203 5.5775 

3 7.5657 6.9502 6.4098 5.9746 5.6611 5.3771 5.1528 

4 7.0303 6.4584 5.9562 5.5518 5.2605 4.9966 4.7872 

         

50 

0 9.8593 9.0568 8.3528 7.7873 7.3819 7.0154 6.7229 

1 8.9736 8.2432 7.6025 7.0878 6.7188 6.3852 6.1190 

2 8.2339 7.5638 6.9758 6.5036 6.1650 5.8589 5.6146 

3 7.6069 6.9878 6.4446 6.0083 5.6955 5.4127 5.1871 

4 7.0686 6.4933 5.9886 5.5832 5.2925 5.0297 4.8200 
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Table 11. Non-dimensional fundamental natural frequency parameter. 

 

Table 12. Non-dimensional second natural frequency parameter. 

 

 

 

 

L/h (e0a)2 
Volume fraction exponent pz 

0 0.2 0.5 1 2 5 10 

10 

0 9.7056 7.8369 6.6273 5.7806 5.1701 4.6857 4.4533 

1 9.2594 7.4766 6.3227 5.5149 4.9324 4.4703 4.2486 

2 8.8696 7.1618 6.0565 5.2827 4.7247 4.2821 4.0697 

3 8.5252 6.8837 5.8213 5.0776 4.5413 4.1158 3.9117 

4 8.2181 6.6357 5.6116 4.8947 4.3777 3.9675 3.7707 
         

20 

0 9.8277 7.9370 6.7131 5.8571 5.2414 4.7536 4.5178 

1 9.3759 7.5721 6.4045 5.5878 5.0004 4.5351 4.3101 

2 8.9811 7.2533 6.1348 5.3526 4.7899 4.3442 4.1286 

3 8.6324 6.9717 5.8966 5.1448 4.6039 4.1755 3.9683 

4 8.3214 6.7205 5.6842 4.9594 4.4380 4.0250 3.8253 
         

50 

0 9.8628 7.9658 6.7378 5.8791 5.2620 4.7732 4.5364 

1 9.4094 7.5996 6.4280 5.6089 5.0201 4.5538 4.3279 

2 9.0133 7.2797 6.1574 5.3727 4.8087 4.3621 4.1457 

3 8.6633 6.9970 5.9183 5.1641 4.6220 4.1927 3.9847 

4 8.3511 6.7449 5.7051 4.9781 4.4555 4.0416 3.8411 

L/h (e0a)2 
Volume fraction exponent pz 

0 0.2 0.5 1 2 5 10 

10 

0 37.0562 29.9004 25.2717 22.0217 19.6578 17.7734 16.8925 

1 31.3767 25.3177 21.3984 18.6465 16.6449 15.0493 14.3034 

2 27.7004 22.3513 18.8912 16.4618 14.6947 13.2861 12.6276 

3 25.0726 20.2309 17.0991 14.9001 13.3007 12.0257 11.4296 

4 23.0740 18.6183 15.7361 13.7124 12.2405 11.0671 10.5186 
         

20 

0 38.8226 31.3476 26.5095 23.1227 20.6804 18.7430 17.8133 

1 32.8724 26.5431 22.4464 19.5788 17.5108 15.8703 15.0831 

2 29.0208 23.4331 19.8165 17.2848 15.4591 14.0108 13.3159 

3 26.2677 21.2101 17.9366 15.6451 13.9926 12.6817 12.0526 

4 24.1739 19.5194 16.5068 14.3980 12.8772 11.6708 11.0919 
         

50 

0 39.3708 31.7973 26.8946 23.4662 21.0008 19.0481 18.1030 

1 33.3365 26.9238 22.7726 19.8696 17.7821 16.1286 15.3284 

2 29.4307 23.7692 20.1044 17.5416 15.6986 14.2389 13.5325 

3 26.6387 21.5143 18.1972 15.8775 14.2094 12.8881 12.2487 

4 24.5153 19.7994 16.7466 14.6119 13.0767 11.8608 11.2723 
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Table 13. Non-dimensional third natural frequency parameter. 

L/h (e0a)2 Volume fraction exponent pz 

0 0.2 0.5 1 2 5 10 

10 0 77.8803 62.7809 53.0270 46.1532 41.0983 37.0424 35.2069 
1 56.6756 45.6874 38.5891 33.5869 29.9083 29.9567 25.6210 

2 46.7387 37.6770 31.8233 27.6981 24.6645 22.2304 21.1289 

3 40.6820 32.7946 27.6995 24.1088 21.4683 19.3497 18.3909 

4 36.4986 29.4222 24.8510 21.6297 19.2607 17.3599 16.4997 

         
20 0 85.6191 69.1127 58.4315 50.9444 45.5245 41.2156 39.1720 

1 62.3073 50.2952 42.5222 37.0736 33.1294 29.9937 28.5065 

2 51.3830 41.4769 35.0668 30.5735 27.3208 24.7349 23.5085 

3 44.7245 36.1021 30.5226 26.6116 23.7804 21.5296 20.4621 

4 40.1253 32.3896 27.3839 23.8750 21.3350 19.3157 18.3579 
         
50 0 88.2852 71.2985 60.3027 52.6114 47.0768 42.6913 40.5734 

1 64.2475 51.8858 43.8839 38.2868 34.2590 31.0676 29.5263 

2 52.9830 42.7887 36.1897 31.5739 28.2524 25.6205 24.3495 

3 46.1172 37.2439 31.5001 27.4824 24.5913 22.3005 21.1942 
4 41.3748 33.4140 28.2608 24.6563 22.0625 20.0073 19.0147 

4. Conclusion 

The aim of the study is to show that the nonlocal theory 
of elasticity is an effective tool for predicting the mechanical 
behavior of functionally graded nanobeams. The incorporation 
of nonlocal effects into models of bending, buckling, and 
vibration can provide valuable insights into the behavior of 
these structures and can aid in the design of advanced 
nanomaterials and devices. The material properties of 
functionally graded nanobeam were considered varying 
according to simple power law along the thickness direction. 
Effect of the nonlocal parameter ((e0a)2), variation of volume 
fraction exponent (pz), and the geometrical parameters of 
nanobeam (length -to-thickness) on the bending under two 
types of loading conditions, buckling under uniaxial 
compression loading condition and free vibration were 
researched. The results show that this study is worthy of 
conduct, and especially in cases where the L/h value is below 
50, the nonlocal parameter and the material volume fraction 
affect all the results more. 
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